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About the Exams ® v

About the Calculus AB and Calculus BC Exams

The AP exams in calculus test your understanding of basic concepts in calculus, as well as its
methodology and applications. The material covered by the Calculus AB exam is roughly
equivalent to a one-semester introductory college course in calculus. The Calculus BC exam is
an extension of the AB material, adding on more advanced concepts such as improper integrals,
series, logistic curves, and parametric and polar functions. It is important to note that both
exams require a similar depth of understanding to the extent that they cover the same topics.
Students who take the BC exam also receive a subscore that represents their knowledge of the
AB material.

Using this Book

This book helps students review and master calculus concepts in the most concise and
straightforward manner possible. Each concept is presented through a succinct definition
followed by an example problem demonstrating its application. Every chapter includes exercise
sets followed by step-by-step solutions to each problem. Sections dedicated to Calculus BC
material are denoted by the symbol. Note that Chapters 8 and 9 are exclusively for the BC

exam.

Students taking the AP exam may choose to cover one chapter every day or two in the month
before the real exam. Alternatively, students and teachers may find it helpful to work through
each chapter after finishing the corresponding section in their calculus course at school. Even
students who choose not to take the AP exam will find this textbook a useful supplement to their
calculus courses. At the end of the book are four full-length practice tests, two each for the AB
and BC exams. Practice tests are also accompanied by full-length solutions.

A Note on Graphing Calculators

The calculus AP exams consist of a multiple-choice and a free-response section, with each
section including one part that requires use of a graphing calculator and one during which no
electronic devices are permitted. While calculators cannot substitute for the necessary depth of
understanding or provide any shortcuts where students are required to show their work, the
testmakers who develop the AP calculus exam recognize that a graphing calculator is an integral
part of the course. Therefore students should become comfortable with their graphing
calculators through regular use. Check the AP website at apcentral.collegeboard.com for more
details on restrictions on calculators.

Successful completion of an AP exam represents a high level of achievement. Students using
this book as either a companion or as a review to their calculus courses should be confident of
their ability to master the necessary calculus concepts.
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Chapter 1
Limits and Continuity

1.1 Rates of Change

Definition of Average Rate of Change

The expression
f(a+h)-f(a)
h
is called the difference quotient for f at a and represents the average rate of change
of y=f(x) from a to a+h.

y
Q(a+h, f(a+h))
f(a+h)- f(a)
P(a f(a))
\ y="F(x)
— ~— -
} t X
o a a+h

Geometrically, the rate of change of f from a to a+h is the slope of the secant line through
the points P(a, f(a)) and Q(a+h, f(a+h)).

If f(t) is the position function of a particle that is moving on a straight line, then in the time

interval from t =a to t=a+h, the change in position is f(a+h)— f(a), and the average
velocity of the particle over the time interval is

displacement  f(a+h)—- f(a)

average velocity = :
time h

Example 1o The displacement of a particle moving in a straight line is given by

the equation of motion f (t) =t —4t + 3. Find the average velocity
of the particle over the interval 0<t<4.

f(4)—f(0) (64-16+3)-3
4-0 4-0
=12

Solution o Average velocity =
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Exercises - Rate of Change

Multiple Choice Questions

1. The traffic flow at a particular intersection is modeled by the function f defined by f(t) =25+ 6cos(§)

for0 <t <120. What is the average rate of change of the traffic flow over the time interval 30 <t<40.

(A) 0.743 (B) 0.851 (C) 0.935 (D) 1.176

2. The rate of change of the altitude of a hot air balloon rising from the ground is given by y(t) =t* —3t? +3t
for 0<t<10. What is the average rate of change in altitude of the balloon over the time interval 0 <t <10.

(A) 56 (B) 73 (C) 85 (D) 94

Free Response Questions

e | 0120203040 50|60| 70|80

f(t)
(seny | O | 28| 43| 67|82 8| 74|58 42|35

3. The table above shows the velocity of a car moving on a straight road. The car’s velocity v is measured
in feet per second.

(a) Find the average velocity of the car from t =60 to t=90.

(b) The instantaneous rate of change of f (See Ch. 2.1 for an explanation of instantaneous rate of change)
with respectto x at x =a can be approximated by finding the average rate of change of f near x=a.
Approximate the instantaneous rate of change of f at x =40 using two points, x=30 and x =50.



Limits and Continuity

1.2 The Limit of a Function and One Sided Limits

Definition of Limit
The statement
limf(x)=L
X—C
means f approaches the limit L as x approaches c.
Which is read “the limit of f(x),as x approaches c, equals L.”

Basic Limits

1.If f isthe constant function f(x) =k, then for any value of ¢,
lim f(x)=limk =k.

X—C X—>C

2. If f isthe polynomial function f(x)=x", then for any value of c,

lim f(x)=limx" =c".

X—C X—>C

Finding Limits Graphically

. . X3 +1
Consider the graph of the function f(x) = 1
X+

. The given function is defined for all real

numbers x except x =—-1. The graph of f isa parabola with the point (-1,3) removed as
shown below. Even though f(-1) is not defined, we can make the value of f (x) as close
to 3 as we want by choosing an x close enoughto —1.

y
Although f (x) is not defined

when x = -1, the limit of f(x)
as x approaches —1is 3,

F(x)= x3+1 because the definition of a limit
x+1 says that we consider values
of x that are close to c, but not
equal to c.
f f f f f f X
3 2 -1 0 1 2 3

One Sided Limits

The right-hand limit means that x approaches ¢ from values greater than c.
This limit is denoted as

lim f(x)=L.

x—c*

The left-hand limit means that x approaches ¢ from values less than c.
This limit is denoted as

lim f(x)=L.

X—C

The Existence of a Limit

The limit of f(x) as x approaches c is L ifand only if
lim f(x)=L and lim f(x)=L.
X—C

X—C'
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Limits That Fail to Exists
Some limits that fail to exists are illustrated below.
y y
f(x)= L
X 1
! 1 1T
f(x)== i
X }: I
i {1t
X !I IIll X
o T
il .
|
i :; f(x) =sin=
-1 _‘]f“ X

The left limit and the right limit is

. . X .
different. I|mu =1, ifx>0and
x—0 X

Iimﬁzfl, ifx<0.
x—0 X

Example 1o Find the limit.

(a) lim(7)

Solution o (@) lim(7)=7
X—2

(b) Iin_11(x3 —2x)=(-1)*-2(-1) =1

(c) The function f(x) is not defined when x =0. Find the Limit Graphically.

As x approaches 0 from the right or
the left, f(x) increases or decreases
without bound.

(b) |ingl(x3 —2x)

limk =k

X—C

limx" =c"

X—>C

sin X

Graph y = snx using a graphing calculator. The limit of f(x)=—— as
X X

x approaches 0 is 1.

The values of f(x) oscillate
between —1 and 1 infinitely
often as x approaches 0.



Limits and Continuity

Example 2o The graph of the function f is shown in the figure below. Find the limit or value

Solution ]
Example 30
Solution ]

of the function at a given point.

(@) lim 1 (x) (0) lim 7(x) (©) lim £(x)
(d) lim (x) ORIC) (f) £(6)
y
AT 1 TN
/ \
9 [ 4 5

Graph of y = f (x)

@ Iin; f(x)=0

(b) Iin; f(x)=3

(c) Ixm; f (x) does not exists since IinS1 f(x) = Iin31+ f(x).
(d) Iing3 f(x) =3, because Iirgﬁ f(x)=3= Iine1+ f(x).

(e) f(3)=0

) f(6=1

Find limInx, if it exists. y
x—0

As x approachesto 0, Inx decreases

f(x)=Inx

without bound. Since the value of f (x)
does not approach a number, Iingln X
X—>!

does not exists.
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Exercises - The Limit of a Function and One Sided Limits
Multiple Choice Questions
1. limsec?x=
x>~
6
3 \3 4 243
A) — B) — C) — D) X2
(A) 1 (B) 3 ©) 3 (D) 3
2
2 15 100=05 3 XL then tim f(x) =
1, x=1 x-1
(A) 1 (B) 2 € 3 (D) 4
3. I|m|X_]4 =
x->11—X
(A) -2 (B) -1 ©) 1 (D) nonexistent
3-x2, if x<0
4. Let f beafunctiongivenby f(x)=9 2-x, if 0<x<2 .
X-2, if x>2
Which of the following statements are true about f ?
. limf(x)=2
x—0
Il limf(x)=0
X—2
I lim f(x) =lim f(X)
x—>1 X—6
(A) lonly (B) 1l only (C) Il and Il only (D) 1,11, and I



Limits and Continuity

Free Response Questions

Questions 5-11 refer to the following graph.

y

The figure above shows the graph of y = f(x) on the closed interval [—4,9] .

5. Find Iimlcos(f(x)).
X— =

6. Find lim f(x).

X— 2~

7. Find lim f(x).

x— 2*
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8. Find lim f(x).
X— 2

9. Find f(2).

10.Find lim arctan(f (x)) .
X— 5"

11.Find lim [x f(x)].
x— 5"
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1.3 Calculating Limits Using the Limit Laws

Limit Laws

Let ¢ and k be real numbers and the limits lim f(x) and lim g(x) exist.
X—C X—C

Then
L lim[ f(x) £ g(x)]=lim f(x)+lim g(x)

2. lim[ f(x)- g(x)] = lim f(x)-lim g(x)

3. lim [k f(x)] =k lim f(x) 4. lim

5. lim| £ (9] :[Ixi_rpc f(x)}n

Special Trigonometric Limits

sinx

lim f(x)

F) _ xoe
e g(x)  limg(x)

l-cosx

6. limy/f(x) :r\w/lim f(x)

1. lim 1 2. lim 0
x—0 X x—0 X
Example 1o Find the limits.
2 _ _
@ Iimx +3x-10 (b) “mq/x+3 2
x—2 X—2 x—1 X—
. _ x*+3x-10
Solution o (@) lim————
X—2 X -

i M(x+5)
T =7

=lim(x+5)=7
X—2

(b) limYX+3-2
x—1 X—=1

_lim (VX+3-2)(Vx+3+2)

-l (x=D(x+3+2)

=lim M
o1 (X <TJ (VX +3+2)

. 1
=lim——-
oL (VX+3+2)

Factor and cancel out common factors.

Rationalize the numerator.

Simplify and cancel out common factors.
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Example 2o Find the limits.

Solution

(a) lim sin4x (b) Iimtanx
x—0 3Xx x—0 X
5 (a) lim 34X
x—0 3X
sinax(h
=lim 43
X—>
3x(=
(3)

4
3
. _tanx . sinx 1
(b) Im—=Ilim——-—
x—0 X x=>0COS X X
.osinx 1
=lim— —
x>0 X  COSX
sin x 1
=lim——-lim——
x—=>0 X x—0 COS X
=11
=1
. tanx -1
(©) lim

x—7/4SiN X — COS X
. sinx/cos x) -1
= lim (8inx/cosx) 1 - / )
x—7/4  SIN X — COS X
- [(sin x/cos x) —1]cos
=i -
x—z/4 [sin x—cos x]cos x

) sin SX
= lim —
x=r/4 [sin 5x] cos x
. 1
= lim —
x—>7/4 COS X
1

" cos(r/4)

. tanx—1
(© lim ——
x—7/4SIN X — COS X

Multiply the numerator and denominator by g .

Simplify.

. sin4x
lim =
x>0 4x

1

Iimc[f(x)‘g(x)]: Iirrl f(x)-linlg(x)

. sinx . 1
lim——=1and lim——=1
x—=0 X x—>0 COS X
sin x
tanx =——
COS X

Simplify and cancel out common factors.
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Exercises - Calculating Limits Using the Limit Laws

Multiple Choice Questions

sin(z— X)

x-zr/3 T

Ve

(A) -1 (8) 0 © > (D) 1

sin3x

2. lim=
x—08In 2X

(A)% (B) 1 © g (D) nonexistent

3. lim———=
x—0 X

1 1 1 .
(A) A (B) 1 © > (D) nonexistent

V3+x-2

x—1 X3 -1

1 1 .
(A) 5 (B) 5 (C) V3 (D) nonexistent
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. O+0coso
5 lim———=
6—-0 sin @ cos @

1 1
A5 ®) 5 €1 (D) 2

6. lim 213 _

x—0 X

(A) 0 (B)% © 1 (D) 3

11
X 3_
x—3 X—3

1 1
A) -3 ® 3 (€) -9 (D) 9

Free Response Questions

8. If ”m2+a—x—\/§=\/§ what is the value of a?
X

x—0
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9. Find Ilmw if f(x)=+2x+1

h—0

10. Find I|mM

=0 Jg0)+7

if lim f(x)=2 and I|m g(x)=-3.

x—0

1 1

11. Find I|m g(x),if lim ———==.
x>43 X2 +g(x) 5
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1.4 Properties of Continuity and Intermediate Value Theorem

Definition of Continuity
A function f iscontinuous at ¢ if the following three conditions are met.

1. f(c) is defined
2. lim f(x) exists

X—C

3. lim f(x) = f(c)

Intermediate Value Theorem
If f is continuous on the closed interval [a,b] and k is any number between f (a) and

f (b) , then there is at least one number ¢ in [a,b] such that f(c)=Kk.

Specifically, if f is continuous on [a,b] and f(a) and f (b) differ in sign, the Intermediate

Value Theorem guarantees the existence of at least one zero of f in the closed interval [a, b] .

2

<1 continuous at x =17

Example 1o For what values of a is f(x) =
ax+2, 1l<x<3

Solution o For f to be continuousat x =1, Iinlf(x) must equal f(2).
X—>!

1. fQ)=@)7°=1

2. lim f (x) exists if lim f(x)= lim f(x).
x—1 x—1" x—1*
lim f(x) = lim x*> =1
x—1" x—1"
lim f(x)=lim(ax+2)=a+2
x—1" x—1"

limf(x)=1lim f(x) = 1=a+2 = a=-1
x—1" x—1'

limf(x)=1=f@Q)
x—1

Therefore f(x) iscontinuousat x =1 if a=-1.

Example 20 Let f bea function givenby f(x)=x>—4x+2. Use the Intermediate Value Theorem
to show that there is a root of the equation on [0,1] .

Solution o f(x) is continuous on [0,1] and f(0)=2>0 and f(1)=-1<0.

By the Intermediate Value Theorem, f(x) =0 for at least one value ¢ between 0 and 1.
f)=-1<f(c)=0<f(0)=2

Using a graphing calculator, we find that ¢ ~ 0.539, which is between 0 and 1.
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Exercises - Properties of Continuity and Intermediate Value Theorem

Multiple Choice Questions

2 2
X< - .
1. Let f be afunction defined by f(x)=9 x—g ' If x>a . If f is continuous for all real
4, if x=a
numbers x, what is the value of a?
1
(A) 5 (B) 0 ©1 (D) 2

2. The graph of a function f isshown above. If lim f(x) existsand f isnot continuousat x=a,

X—a
then a=
(A) -1 (B) 0 ©) 2 (D) 4
Vax-1-v2x for x#1
3. IfF f(x)= X—1 ' X# ,and if f iscontinuousat x=1, then a=
a, for x=1
1 V2

@ L ) TZ ©) V2 D) 2
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4. Let f beacontinuous function on the closed interval [-2,7].If f(-2)=5 and f(7)=-3,
then the Intermediate Value Theorem guarantees that

(A) f'(c)=0 for at least one ¢ between —2 and 7
(B) f’(c) =0 for at least one ¢ between -3 and 5
(C) f(c)=0 for at least one ¢ between -3 and 5

(D) f(c)=0 for at least one ¢ between —2 and 7

Free Response Questions

7sin X
.
5. Let g be a function defined by g(x) =1 a—bx, if 0<x<1.
arctanx, if x>1

if x<0

If g is continuous for all real numbers x, what are the values of a and b ?
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6. Evaluate lim “lrvl+a .
a—0 a

7. What is the value of a, if lim

x—0

Jax+9-3

X

=17



20 Chapter 1

1.5 Limits and Asymptotes

The statement lim f (x) =00 means that f(x) approaches infinity as x approaches c .
X—C

The statement lim f (x) = —co means that f(x) approaches negative infinity as x
X—C

approaches c .

Definition of Vertical Asymptote

If f(x) approaches infinity (or negative infinity) as x approaches ¢ from the right
or the left, then the line x =c is a vertical asymptote of the graph of f .

The graph of rational function given by y = % has a vertical asymptote at x=c
g(x
if g(c)=0 and f(c)=0.

Definition of Horizontal Asymptote

Aline y =D isa horizontal asymptote of the graph of a function y = f (x) if either

lim f(x)=b or lim f(x)=b.
X—>—00

X—>0

The statement lim f(x) =L meansthat f(x) has the limit L as x approaches infinity.

X—>0

The statement lim f(x) =L means that f(x) hasthe limit L as x approaches negative
X—>—00

infinity.

Example 1o Find all vertical asymptotes of the graph of each function.

X X2 —4x—5
(@ f(x)= 7 (b) f(X)—m
Solution o (a) f(x)= sz_l
X

= Factor the denominator.
(x+D(x-1)

The denominator is 0 at x=-1 and x=1. The numerator is not 0 at
these two points. There are two vertical asymptotes, x=-1 and x=1.

X2 —4x-5
(b) f(X)=m
_ T (x-5)
(1) (x-2)

_X=5

X—2

Factor and cancel out common factors.
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Example 20

Solution ]

Example 30O

Solution ]

At all values other than

x =-1, the graph of f
coincides with the graph of
y=(x-5)/(x-2).

So, x =2 is the only vertical
asymptote. At x =—1 the graph
is not continuous.

Find the limit.

@) "mw
x—= 2x3 —3x -5

(b)

(a) lim M
x> (2x3 —3x-5)/ x*

1-4/x+7/x>  1-0+0

When x=-1, f isnot
defined. x =-1is not
a vertical asymptote.

N\

V4x? +6x

3x-2

lim

X—>00

Divide the numerator and denominator by x*.

1

(M)/x
S (3x-2)/x
i JAX2 /X2 +6x/x?

(b) lim

X—>00

x> 3X/X=2/X
_1/4+6x_ 4+O_g
3-2/x 3-0 3

Find the horizontal asymptotes of the graph of the function f(x) =

_32x®-9
lim —

TR 2-3/C -5/ 2-0-0 2

Divide the numerator and denominator by x .

For x>0, \/X72=X.

¥2x3 -9

Divide the numerator and denominator by x .

The line y = 32 is a horizontal asymptote.
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Exercises - Limits and Asymptotes

Multiple Choice Questions

2 4
1 4im 32X
X—>00 3)( -5
1 1
(A) -2 (B) = ©) = D)1
3 5
o x> +x-8
2. Whatis lim — =
X— -0 2x° +3x -1
1 1
(A) ) (B) 0 (©) > (D) 2

2
3. Which of the following lines is an asymptote of the graph of f (x) = —Xz X 12 ?
X2 —x—

. x=-3
I. x=4
. y=1

(A) Honly (B) Il only (C) Il and Il only (D) I, 1, and 1
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4. If the horizontal line y =1 is an asymptote for the graph of the function f , which of the following
statements must be true?

(A) lim f(x)=1
(B) lim f (x) =<0

(C) f() isundefined
(D) f(x)=1 forall x

5.1f x=1 is the vertical asymptote and y = -3 is the horizontal asymptote for the graph of the function f,
which of the following could be the equation of the curve?

—3x2
(A) 1(0=—2
(B) f(x) =
X+3
p— 2 J—
(C) f (X) — M
x-1
_-3(x* -
©) 1W=" "0

X

— inthe xy- plane?

6. What are all horizontal asymptotes of the graph of y = 2+3e

(A) y=-1 only
(B) y=2 only
(C) y=-1land y=2
(D) y=0and y=2
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Free Response Questions

3x-1

7. Let f(x)= .
(x) NS

(a) Find the vertical asymptote(s) of f . Show the work that leads to your answer.

(b) Find the horizontal asymptote(s) of f . Show the work that leads to your answer.

sin X

8. Let f(x)= .
) X2 +2X

(a) Find the vertical asymptote(s) of f . Show the work that leads to your answer.

(b) Find the horizontal asymptote(s) of f . Show the work that leads to your answer.
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Differentiation

2.1 Definition of Derivatives and the Power Rule

Definition of Derivatives

The derivative of a function f at x, denoted by f'(x) is
£/(x) = lim f(x+h)-f(x)
h—0 h
if the limit exists.

If we replace x =a in the above equation, the derivative of a function f atanumber a,
denoted by f'(a), is

f’(a)zLingw_

If we write x=a+h,then h=x—-a and h approaches 0 if and only if x approaches a.
Therefore, an equivalent way of stating the definition of derivative is

f/(a) = lim 1 X)=T(@)
X—a

X—a

The process of finding the derivative of a function is called differentiation. In addition to

f'(x), whichisread as “ f prime of x,” other notations such as g—y y’, and di[f(x)]
X X
are used to denote the derivative of y = f(x).

y="f(x Geometrically, the limit is
the slope of the curve at P.
f(a+h)-f(a _
(a+h)-f(a) f,(a):“mf(am) f(a)
h—0 h

=slope of curve at P
=slope of tangent at P

o
Q

+

=

/

o]
1

Differentiability Implies Continuity

A function f is differentiable at a only if f’(a) exists. If a function is differentiable at
x=a,then f iscontinuousat x =a . Continuity, however, does not imply differentiability.

The derivative f’(a) is the instantaneous rate of change of f(x) with respectto x when
Xx=a.
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One-Sided Derivatives

The left-hand derivative of f at a is defined by
f(a) = lim f(a+hr)]—f(a)

h—0"

, if the limit exist.

The right-hand derivative of f at a is defined by
f r(a+) = lim f (a+ h) —f (a)
h—0*

, if the limit exist.

f'(a) exists if and only if these one sided derivatives exist and are equal.

There are three possible ways for f not to be differentiable at x=a.

2y 2y 2y
. i
| | |
| | |
| | |
: /
| |
o N |
| | |
L - X L > X L » X
O a @) a O a
The graph has a corner. The graph is not continuous. The graph has a vertical tangent.
Basic Differentiation Rules
The Constant Rule
The derivative of a constant function is 0. di[c] =0
X
The Power Rule
If n is any real number, then i[x”} =nx"?.
dx
4 —
Example 1 o Whatis Iimw?
h—0 h
4 4 a4
Solution O IimM = IimM = f'(3), where f(x)=x"and a=3.
h—0 h h—0 h
f(x) = 4x° Power rule

f'(3) =4(3)° =108
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Example 2 o Find the derivative of f(x)=x*— 2x+£+5 at x=2.
X

Solution o f(x)=x>—2x+x'1+5 Yx=x"1

') =31 -2xX "+ (x40 The power rule and the constant rule

=3x2-2x° —x7? :3x2—2—i2
X

) =32)? oL _39
f'(2) =3(2)2 -2 o7 3

Example 3 o Find a function f and a number a such that

(T 1
5|n(6+h)—2
f’(a):rlli%ngf.
21
2 _lim f(a+h)-f(a)
h—>0 h

. v
sin (6 + h)
Solution o f'(a)= rl]lrrg) -
N

From the above equation we can conclude that

—sin[ % L _sin®
f(a+h)_sm(6+hj and f(a)_2 sm(6).

So azg and f(x)=sinx.

Example 4 o The graph of f isshown in the figure below. For what values of x, -1<x <3,
is f not differentiable?

)Y

A \\o i 2\

Solution o f isnotdifferentiable at x =0 since the graph is discontinuous at x =0.
f is not differentiable at x =1 since the graph has a corner, where the one-sided
derivatives differ. (At x=1, f'(1")>0 and f'(1*)<0.)

\)
=
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Exercises - Definition of Derivatives and the Power Rule

Multiple Choice Questions

1. lim 3—“8+h_2 =
h—0 h
1 1 Y2 s
A B) 5 © = (D) ¥2 (E) 2

Iim—(“h)s_32 is

h—0

(A) f'(5), where f(x)=x?
(B) f'(2), where f(x)=x"
(C) t'(5), where f(x)=2*

(D) f'(2), where f(x)=2"

f00 1-2x, if x<1
X) =
X2, if x>1

3. Let f be the function given above. Which of the following must be true?

I. lim f(x) exists.

x—1

Il. f iscontinuousat x=1.

Il. f isdifferentiable at x=1.

(A) lonly

(B) l'and Il only
(C) Il and Il only
(D) I, 11, and I
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4. What is the instantaneous rate of change at x = -1 of the function f(x)=- §/x72 ?

2 1 1 2
A) —— B) = C) = D) —
(A) 3 (B) 3 (© 3 (D) 3
I
[ ]
C ____________““/
f f = X
) a b
Graph of f

5. The graph of a function f is shown in the figure above. Which of the following statements must be false?

(A) f(x) isdefined for 0<x<b.
(B) f(b) exists.
(C) f'(b) exists.

(D) lim f'(x) exists.

X—a

6. If f isa differentiable function, then f'(1) is given by which of the following?

i £ £
h—0 h

0 im0 = T@
Xx—1 Xx-1

i fim L) = £(x)
X—0 h

(A) lonly (B) Il only (C) land Il only (D) Iand Il only
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2y
o
[ ]
: \f X
a b (0] c d e j
Graph of f

7. The graph of a function f isshown in the figure above. At how many points in the interval a < x < j
is f' not defined?

(A) 3 (B) 4 €5 (D) 6

Free Response Questions

) ) mx? -2 if x<1 . )
8. Let f be the function defined by f(x) = .If f isdifferentiable at x =1, what are the

k'x if x>1

values of k and m?
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9. Let f be afunction that is differentiable throughout its domain and that has the following properties.
(L) Fo+y)=F)+xy—xy*~f(y)

@) lim X _q
x—=0 X

Use the definition of the derivative to show that f'(x) = x> —1.

10. Let f be the function defined by
X+2 for x<0
f0=11
2
(a) Find the left-hand derivative of f at x=0.

(x+2)? for x>0.

(b) Find the right-hand derivative of f at x=0.
(c) Is the function f differentiable at x =0? Explain why or why not.

(d) Suppose the function g is defined by

) X+2 for x<0
X) =
J a(x+hb)? for x>0,

where a and b are constants. If g is differentiable at x =0, what are the values of a and b ?
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2.2 The Product and Quotient Rules, and Higher Derivatives

The Product Rule

If f and g are both differentiable, then

The Quotient Rule

If f and g are both differentiable, then

dx

a
dx

d [F()900)] = fF()g'(x)+9(x) F'(x).

_ 900 f'0) - F(x)9'(x)

Higher Derivatives

First derivative: y', (%),
Second derivative: y", f"(x),
Third derivative: y",  f7(x),

Fourth derivative:  y®, f®(x),

nth derivative: y™ M (x),

dy

dx

d2y
X2
3

e

If f isa differentiable function, then its derivative f' isalso a function, so f' may
have a derivative of its own. The second derivative f” is the derivative of f' and
the third derivative f” is the derivative of the second derivative.

In general, the nth derivative of f isdenoted by f(™ and is obtained from f by
differentiating n times. Higher derivatives are denoted as follows.

Example 1 o Differentiate the function f(x)=(x*-7)(x* -4x).

Solution o f'(x)=(x —7)i(x2 —4x) + (x —4x)i(x3 -7
dx dx

= (3 =7)(2x—4) + (x* - 4x)(3x?)

=5x* -16x° —14x+ 28

The product rule
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3x% —x

Vx+1'

Example 2 o Differentiate the function f(x)=

mi(axz —x)— (3% —x)i(Jle)
dx dx

Solution o f'(x)=

The quotient rule

(Vx+1)?
— j— 2_ . l
:(\/x+1)(6x D-(38x“—=x) 2l
(x+1)

1
{(\/x +1)(6x—1) - (3x* - X) m} 24/ x+1 Multiply the numerator and

= denominator by 2«/x +1.

(x+1)-2+/x+1

_Ox% +11x -2
2(x+1)¥?

Example3 o |If f(x)=%x3+24\/§,find f'(x), f"(x), f"(x),and f"(9).

Solution o f'(x) :%-3x2 + 24%x’]/2 :%x2 +12x7V?

f7(x) = % 2x+12(—%x‘3/2) =x—6x2

f"(x) =1—6(—§)x‘5/2 12

x2/x

9 _,, 1_28

f"(9) =1+ =1+—=—
®©) 92./9 27 27




34 Chapter 2

Exercises - The Product and Quotient Rules and Higher Derivatives

Multiple Choice Questions

I ()= (¢ —2x+5)(x 2 +x7), then f'(1) =

9 7
(A) -10 (B) -6 ©) Y (D) )
_x-1 )
CIf f(X)_\/;+l then f'(x) =
Jx
* (x+1)°

X
®) (Wx +1)?

1
© Ix(Wx +1)?

Jx -1

®) VX(x +1)?

. If g(2)=3 and g'(2) =-1, what is the value of di(L;()j at x=27?
X\ X

(A) -3 (B) -1 (C) 0 (D) 2
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4. 1f f(x)=—2

and f'(}) = % what is the value of a?

X—-—
X

5 1
A -5 (B) -1 © 3 (D) 2

5. If y=4x-16 ¥x , then y" =

~x+3 Jx-3
4 — p— S — [
(A) ¥x-3 (B) -3J/x+3 (€) e (D) T

6. If y=x2-f(x),then y"=

(A) X2 F"(X)+x f'(xX)+2f(x)
(B) x*f"(x)+x f'(x)+ f(x)
(C) X2 f"(x)+2x f'(x)+ f(X)

(D) X2 "(x)+4x f'(x)+ 2 (X)

7. Let f(x) :%x6 —10x® +12x . What is the value of f(x), when f"(x)=0?

23 3 1 5
A - ®) -3 © 3 © 7
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Free Response Questions

8. Let h(x)=x-f(x)-g(x). Find h'(1),if f1)=-2, g)=3, f'(1)=1,and g'(l):%.

X

Vx-1

9. Let g(x)= Find g"(4).
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2.3 The Chain Rule and the Composite Functions

The Chain Rule

If y=f(u) and u=g(x) are both differentiable functions, then y = f (g(x)) is differentiable
and

dy dy du

dx du dx
or, equivalently,

STH(g0)]= F(900)9'(x).

The Power Chain Rule

If n isany real number and u = g(x) is differentiable, then
i(u”) = nu"‘ld—u
dx dx

or, equivalently,

9 r90]" =n[g()] ™ ')
dx

Example 1 o Find % for y=+/x* —2x+5.
X

Solution o - l(x4 —2x+5)7¥2 i(x4 —2x+5) Power Chain Rule
dx 2 dx

=;-(4x3—2)

2Ux* —2x+5

2x3 -1

Vx4 —2x+5

Example 2 o Find h"(x) if h(x) = f(x*).

Solution o h'(x)= f’(x3)%(x3) Chain Rule
= f'(x%)-(3x%)
h"(x) = f '(x3)%(3x2) + (3x2)% f(x%) Product Rule
= f'(x*)(6x)+ (3x*) "(x3)%(x3) Chain Rule

= £/(3)(6x) + (3x?) £ "(x®)(3x?)
=6x f'O3)+9x* (%)
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Exercises - The Chain Rule and the Composite Functions

Multiple Choice Questions

1 If f(x)=vx++/x ,then f'(x)=

WLt @l g-2r g2kl
24X +/x 24 x +/x I x+x I X% + /X
2. 1If £(x)=(x>=3x)¥2, then f'(4) =
15 21
(A) ) (B) 9 ©) - (D) 15

3.1f f, g,and h are functions that is everywhere differentiable, then the derivative of Lh is

g.

ghf'—fg'h
A =—
(A) ah
B) ghf'—=fgh'—fhg'

gh

ghf'—=fgh'—f gh
© S
(D) ghf'=fgh'+fhg’

gth
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4. 1fF F(x)=@-+/x)", then f"(4)=

3 3 3 9
A o5 ®) % © 5 ©) 7

Free Response Questions

Questions 5-9  refer to the following table.

X fo) | ax) | f'(x) | 9'(x)
1 3 2 1 -1
2 -2 1 -1 3
3 1 4 2 3
4 5 2 1 -2

The table above gives valuesof f, f', g,and g’ at selected values of x.

5. Find h'()), if h(x) = f(g(x)).

6. Find h'(2), if h(x)=x f (x2).

f(x

Jax)

7. Find h'(3), if h(x) =
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8. Find h'(2),if h(x) =[f(2x)]>.

9. Find h'(@) , if h(x) = (x° + f(x)) 2.

10.Let f and g be differentiable functions such that f (g(x))=2x and f’(x):1+[f(x)]2.

2

(a) ShOW that g '(X) = m .

b) Show that g'(x) = .
(b) 9'(x) T
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2.4 Derivatives of Trigonometric Functions

Derivatives of Trigonometric Functions

di(sin X)=C0s X di(cos X)=-sinx

X X

d 2 d 2
d—x(tan X)=sec® x d—x(cot X)=—Csc” X

d d

d—(secx)=sec xtan x d—(csc X) =—Ccsc xcot X
X X

Note: sec? x means (secx)?.

Examplel o Find Y for y = x> Sin X+ 2XCOS X .
X

Solution o %zx2cosx+sinx~2x+2(x(—sinx)+cosx-1)
X

= X2 COS X + 2XSin X — 2XSiN X + 2€0S X

= X% COS X + 2C0S X

Example2 o Find y' if y=tan?(x%).

Solution o y=tan?(x%) =[tan(x3)J2 tan? x = (tan x)?
d
r_ 3y [ 2 3 .
y'= Z[tan(x )] dX(tan(x )) Power Chain Rule
3 203 d 3 .
= 2tan(x”)sec” (x )d—(x ) Chain Rule
X
= 2tan(x*)sec® (x*)(3x*) Power Rule

= 6x? tan(x*) sec? (x®)
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Exercises - Derivatives of Trigonometric Functions
Multiple Choice Questions
cos(£+ h)—1

1. lim—3 — 2_

h—0 h

1 3 1 \3

A) —= B) -—— C) = D) —

A) -5 ®) - © 5 ©) =
5 Iim5|n2(x+h)—sm2x:

h—0

(A) 2sin2x (B) —2sin2x (C) 2cos2x (D) —2cos2x
3. If f(x)=sin(cos2x), then f’(%):

(A) 0 (B) -1 €1 (D) -2

4. If y=asinx+bcosx, then y+y" =

(A) O (B) 2asinx (C) 2bcosx (D) —2asinx
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- Lsec? () =
dx

@) 2 sec(v/x x\/);tan(\/; )

2sec? (+/x) tan(+v/x)
Jx

sec? (+/x) tan(v/x)
©) \/;

©) sec(\/;\)/gm(\/; )

(B)

. %[xz cos ZXJ =

(A) —2xsin2x
(B) 2x(—xsin 2x+cos 2x)
(C) 2x(xsin2x—cos2x)

(D) 2x(xsin2x—cos2x)

1
+— 1
2c0s6@ 3tand

. If f(0)=cosz— then f'(%):

1 4
(A) > (B) 1 (©) N

(D) 23
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Free Response Questions

x L f | o9 | f') | g'(x)
1 | -Y2 | 32 4 V2
z/4 | 2 1 2 3

8. The table above gives values of f, ', g,and g’ at selected values of x.

Find h’(%), if h(x)=f(x)-g(tanx).

9. Find the value of the constants a and b for which the function

F(x) = {5'” X XS s differentiable at x = 7 .

ax+b, x>rx
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2.5 Derivatives of Exponential and Logarithmic Functions

The Derivatives of Exponential Function

d d d
Slet]=e" el
;—X[ax]:axlna ;—X[a”]za”(lna)g—)u(

COS X

Examplel o Find y" if y=e

Solution o y'=%(e°°“)
d d du
—efsx 2 (0 Oraul_quly
e o (cos x) dx[eJ e v
COSX( sin x)
y" =e%®* . (—cos x) +e“**(—sin x) - (-sin x)
= oosX [—cosx+sin2 x]
Example 2 o Differentiate y=3"%"*.
Solution o W _g¥ X(In3) (\/x —X) i[alu}:a“(lna)d—u
dx dx dx

\/X —X
=3 (ln3)( ﬁ)—(x -X)
2x-1

20Ux% —x

_In3@* (X2
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The Derivatives of Logarithmic Function

d 1 d 1 1

—(Inx)== —(log, X)=—-—

dx( ) dx( 9a X) Ina x

d 1du 1 1du

—(Inu)==—— lo =— -

dx( ) u dx ( % W) Ina udx
Properties of Logarithms

Inxy=Inx+Iny In—=Inx-Iny

InxP = plnx e = x

Example4 o Find y' if y:In_zx
X

In x

Solution o y=—>=Inx-x7?

y'=In x 3 x2x2 90y
d d

X X
3y .o 1
=Inx(-2x7)+x°-=
X
—2Inx+i.£
XX x® X
_ —2Inx+1
X3

Example5 o Find y' if y=x"

Solution o y=x"*
Iny = In(x"*)

Iny=|nx-|nx=(|nx)2

d d 2
—Iny= Inx
dx y= x( )
1d d
—_ 2Inx—(Inx
yd (= " (Inx)
1.y’:2|nx.l
y X
y'=y{2|nx~l}

X

nx 2Inx
y':x T
X

Product Rule

Take natural log of both sides.

Inx? = plnx

Chain Rule

Multiply by y on both sides.
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Exercises - Derivatives of Exponential and Logarithmic Functions

Multiple Choice Questions

%[In(e+h)—1] _

1. lim&——is
h—0 h

(A) (1), where f(x)=In/x
(B) f'(2), where f(x)=Inv/x+e
(C) f'(e), where f(x)=Inx

(D) f'(e), where f(x)=|n(§)

2. If f(x)=e"™*, then f'(%):

e e
(A) > (B) e (C) 2e (D) 5

3. If y=In(cosx), then y'=

(A) —tanx (B) tanx (C) —cotx (D) cscx

4, If y=x*,then y'=

x* In x
X

(A) x*Inx (B) x*(@+Inx) (C) x*(x+Inx) (D)
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5. If y:em,then y' =
(A) i 41 e
(B) 2xVx2 +1 eV
eV
©)
X% +1
X% 41
D) € :
X +1
6. If y=(sinx)’*, then y'=
L nGsi
(A) (sinx)* M}
L X
®) (sinx)~ M}
L X
(C) (sin x)i W}
(D) (sin x)% _%in(sinx)}
7. If f(x)=In[sec(Inx)], then f’(e) =

= sind tan1
Sl @ o

cotl
(D) —
e
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8. If y=x"x

,then y' =
X"V |

A —

x"V% 10 x

(B)

X

2xI"VX I x
X

(©)

X"V (14 In x)
X

(D)

Free Response Questions

9. Let f(x)=xe* and f(x) be the nth derivative of f with respectto x.If f@9(x)=(x+n)e*,
what is the value of n?

10.Let f and h be twice differentiable functions such that h(x) =e "™ If h"(x) =e'® [1+ xz]
then f'(x) =
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2.6 Tangent lines and Normal lines

The slope of the tangent line to the graph of f at the point P(a, f (a)) is the
number

lim f(a+h)-f(a)

h—0 h

m =

if the limit exists.

Recall from the definition of the derivative that this limit is just f'(a) .

In point slope form the equation of the tangent line is
y-f(a)=f'(a)(x-a)

The normal line to the graph of f at the point P(a, f (a)) is the line that passes
through P and is perpendicular to the tangent line to the graph of f at P .

Y Tangent
Since the tangent line and the normal line
y=f(x) Normal are perpendicular, their slopes are
negative reciprocal of each other.
P(a, f(2)) Therefore m, -m, = 1.

Example 1 o Write the equations of the tangent line and normal line to the graph

2

X . 12

of y=x—— atthe point (4,—).
y 10 point ( 5)

Solution o y'=1-—=1-—
. 12 .
At the point (4, E) , the slope is

y'|X:4 =1—% =% and the equation of tangent line at this point is
12 1 1 8
——==(x—-4) or y==x+—.
Y- =gx=a) ory=oxsg
. 12 L . .
At the point (4, g) , the slope of the normal line is negative reciprocal

of 1/5, or -5.
So the equation of normal line at this point is

y—%:—S(x—4) or y=-5x+224.
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Exercises - Tangent Lines and Normal Lines

Multiple Choice Questions

1. The equation of the line tangent to the graph of y = x+/3+x? at the point (1,2) is

3 1 1 5 1 5 1
A) y=—X—— B) y=2x+= C) y==—x—= D) y==x+—
(A) y 2% B)y 5 ©y R (D) y X+

2. Which of the following is an equation of the line tangent to the graph of f(x) = x?> —x at the point
where f'(x)=3?

(A) y=3x-2
(B) y=3x+2
(C) y=3x—4
(D) y=3x+4

3. Acurve has slope 2x+x2 at each point (x,y) on the curve. Which of the following is an equation for
this curve if it passes through the point (1,3) ?

(A) y=2x2+1
X
(B) y=x'—2+3
X
(C) y=x2+l+l
X

(D) y:xz—%+4
X
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4. An equation of the line normal to the graph of y = tan x, at the point (l,i) is

63

By =30
® Y= p)
© y—5=3 0 p)
©) y-=30-%)

5. If 2x+3y =4 isan equation of the line normal to the graph of f at the point (-1,2), then f'(-1)=

2 1 3
(A) 3 (B) ﬁ (C) V2 (D) 5

6. If 2x—y =k is an equation of the line normal to the graph of f(x)=x*—-x, then k =

23 13 15 9
A 76 ®) 5 © % ©®) 3
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Free Response Questions

= X

/('—15,0) o) (120,0)
\

line of symmetry

2
7. Line ¢ istangent to the graph of y = X_l)(% at the point P and intersects x-axis at (—15,0) as shown in

the figure above.

(a) Find the x-coordinates of point P .

(b) Write an equation for line ¢.
2

(c) If the line of symmetry for the curve y = X_1X2_0 intersects line ¢ at point R, what is the length of QR?
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2.7 Implicit Differentiation

The functions that we have met so far have been described by an equation, of the form y = f (x), that

expresses y explicitly in terms of x for example, y = or y =x+cosx . Some functions,

X% +1

however, are defined implicitly by a relation between x and y suchas x*+4y?-9=0 or

sinxy = x? +1. In some cases it is possible to solve such an equation for y as an explicit function

of x. But when we are unable to solve for y as a function of x, we may still be able to find g—y by
X
using the method of implicit differentiation.
Guidelines for Implicit Differentiation
1. Differentiate both sides of the equation with respectto x .
2. Collect the terms with dy/dx on the left side of the equation and move all other
terms to the right side of the equation.
3. Solve for dy/dx .
The tangent line is horizontal if dy/dx=0.
The tangent line is vertical when the denominator in the expression for dy/dx is 0.
Example 1 o Find dy/dx if y* = x* —cosxy
Solution O i(yz) _ i(xz ) _i(cos Xy) Differentiate both_sides with
dx dx respectto x treating y asa
dy d function of x and using the
2y ——=2X+(sin xy)—(x i
y i ( Y) dx( Y) Chain Rule.
dy . dy
2y—==2x+(sinxy)| x—=+y Treat xy as a product.
dx dx
dy . dy . .
2yd——(sm xy) xd— =2x+(sinxy)y Collect terms with dy/dx .
X X
(2y —xsin xy)%:2x+ ysin xy Factor out dy/dx .
X

dy _ 2x+ysinxy

- Solve for dy/dx by dividing.
dx 2y-—xsinxy

Example 2 o Consider the curve defined by x* + y* = 4xy +1.
(a) Find dy/dx .

(b) Write an equation for the line tangent to the curve at the
point (2,1).
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Solution o (a) 3x*+3y? % = 4(x%+1- y) Differentiate both sides.
X X

3x? +3y2ﬂ:4xﬂ+4y
dx dx
dy 4y-3x°

dx 3y? —4x

dy 41)-3(2)* 8
) G 307"
x|y 3% -4(2) 5

The tangent line is y—1:%(x—2) or yzgx—l_sl,

Example 3 o Consider the curve given by x*+y* —6xy =0.

(a) Find dy/dx .

(b) Find the x-coordinates of each point on the curve where the tangent line is horizontal.

(c) Find the y-coordinates of each point on the curve where the tangent line is vertical.

Solution o (a) 3x%+3y? %— 6(Xj—y+l- y)=0 Differentiate both sides.
X X

3y? Y g I _ 6y —3x°
dx dx

ﬂ(Syz—Gx)=6y—3x2
dx

dy 6y-3x* _2y-x*
dx 3y?-6x y?-2x

(b) The tangent line is horizontal when 2y —x? =0.

2y —x* =0 gives y=1/2x%.

Substitute y =1/2x° to the given equation.

X3 +(£X2)3 —6x(1x2) _0 = Sx 20
2 2 8

= %x?’(x?’—lG):O — x=0or x=3%16

(c) The tangent line is vertical when y? —2x=0.
y2—2x=0 gives x=1/2y?.
Substitute x =1/2y? to the given equation.
1 243 3 1 2 1 6 3
= +y’—-6(= =0 = =y’ -2y°=0
Gy ) +y -6 Y7y gy~

= %yg’(y3—16):0 = y=0ory=3%16
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Exercises - Implicit Differentiation

Multiple Choice Questions

dy

—= at the point (1,2) is
dx

1. If 3xy+x? —2y? =2, then the value of

7 1 7
(A) 5 (B) 5 (© - (D) -3
2. 1f 3x* —x? —y? =0, then the value of g—i at the point (1,+/2) is
2 N2 5V2 2
(A) - (B) > (© — (D) -

3. If x*y+2xy? =5x, then %:
X

5—4xy -4y

A
A X2 +4xy

5—2xy —2y?

B
®) X2 + 4xy

5—2xy — y?

C
© X2 +2xy

5-xy-2y

D
) X2 —2xy
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4. If xy +tan(xy) = 7, then ﬂ:
dx
(W) -ysec(xy)  (B) —ycos(xy)  (O) —xsec’(xy) (D) -
X
5. An equation of the line tangent to the graph of 3y? —x® —xy? = 7 at the point (1,2) is

3 3 3 1 7.3 7.9
A)y="x-2 B) y="x+- C) y=——X+= D) y=—X+=
A) y=7x-3 (B) y=7x+5 © y=—gxt5 B y=gx+g

6. An equation of the line normal to the graph of 2x? +3y? =5 at the point (1,1) is

3 3.1 2 5 2 3
A) y=—x+1 B) y=—x—= C) y=—x+-= D) y=—-Xx+—
A) y=- (B) y=2x—5 ©) y=-gx+3 (B) y=-3x+3
2
7. If x+siny=y+3,then d_g/:
dx
—siny g) _—Siny o) _—Siny Dy _—Siny

(1-cosy)? (1+cosy)? (1-cosy)? (1+cosy)?
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Free Response Questions

Consider the curve given by x® —xy + y* =3.

(a) Find d_y
dx

(b) Find all points on the curve whose x-coordinate is 1, and write an equation for the tangent line at
each of these points.

(c) Find the x-coordinate of each point on the curve where the tangent line is horizontal.

Consider the curve x* +y?—xy=7.

(@) Find d_y
dx

(b) Find all points on the curve whose x-coordinate is 2, and write an equation for the tangent line at
each of these points.

(c) Find the x-coordinate of each point on the curve where the tangent line is vertical.
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2.8 Derivatives of an Inverse Function

The Derivative of an Inverse Function

Let f be a differentiable function whose inverse function f* is also differentiable.
Then, providing that the denominator is not zero,

FYY () = —— Fly(a)=—
(F7)(x) f'(f-l(x)) or  (f7)(a) f’(f‘l(a))
Example 1 o Let f(x)=x? —%
(a) What is the value of f(8)?
(b) What is the value of (f )'(8)?
Solution o (a) f(x):xz—%:S,when x=3.
Since f(3)=8, f1(8)=3.
, i 3
(b) () =2x-3(-D)x* =2x+—
X
, 3 19
f (3):2(3)4'3—2:?
B e
(f)®= e 70 f1(8) =3
1.3
S 19/3 19

Example2 o If f(2)=5 and f’(2):%,find (f1).

Solution o Since f(2)=5, f*(5)=2

1 1 _1_,
f'(f-l(s)) f'(2) /4

() =
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Exercises - Derivatives of an Inverse Function

Multiple Choice Questions

1. Let f and g be functions that are differentiable everywhere. If g is the inverse function of f and

if g(3)=4 and f’(4):§, then g'(3) =

1 1 2 4
A) ®) 5 © 3 ©®) 3

2. If f(-3)=2 and f’(—3):%,then (f1y(2) =

1 4 3 3
™ 5 B) 3 © 3 ©) =,
3. If f(x)=x>—x+2,then (f 1)(2)=
1 2
(A) ) (B) 3 (C) 4 (D) 6

4. If f(x)=sinx, then (f‘l)’(g):

OF (B) % ©) 3 (D) 2
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5. If f(x)=1+Inx,then (f 1)'(2)=

o -1 ) : (©) —e (D) e
e e

Free Response Questions

X fo) | ') | 9(x) | 9'(x)
-1 3 ) 2 6
0 -2 -1 0 -3
1 0 1 -1 2
2 -1 4 3 -1

6. The functions f and g are differentiable for all real numbers. The table above gives the values of
the functions and their first derivatives at selected values of x.

() If £ isthe inverse function of f , write an equation for the line tangent to the graph
of y=f(x) at x=—1.

(b) Let h be the function given by h(x) = f(g(x)) . Find h(1) and h'(1) .

(c) Find (h™)'(3), if h™ is the inverse function of h.
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2.9 Derivatives of Inverse Trigonometric Functions

Derivatives of Inverse Trigonometric Functions

di(sin‘l X) = 1 - i(cos‘l X)=— ! -

X 1-x X 1-x

d -1 -1 1

—(tan"t x) = cott x) =

dX( ) 1+x2 dX( ) 1+ x°
1 1

d, d,
—(Sec " X) = —(csc " X)=—
dx( ) dx( )

xvx% -1 xvx? -1

Example 1 o Differentiate y = xtan™x.

Solution o ﬂ:i(xtan’lx)
dx dx

xS tan Ty tant xi(x) Product Rule
dx dx

=X- +tantx-1

1+ x?

X B
= 2+tan1x
1+Xx

Example 2 o Differentiate y =

costx
: 1 1,31
Solution o y= —=(cos™"x)
COS ™ X
y_d (cos™x)*
dx dx
= —1(cos * x)? di(cos’l X) Power Chain Rule
X
1 1

(cos™x)®  J1-x

1
(cost x)?V1-x?
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Exercises - Derivatives of Inverse Trigonometric Functions

Multiple Choice Questions

1. i(arcsin x?) =
dx

2X 2X 2X 2X
A) ——— B) —— c D
(A) o (B) = © = (D) o

2. If f(x)=arctan(e™), then f'(-1) =

—e -1

—e e
(A — (B) — ©) (D) Lo

l+e l+e 1+¢?

3. If f(x)=arctan(sinx), then f’(%):

w|&
w|&

2 1
(A) 7 (B) > ©) (D)
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4. If y=cos(sin*x), then y' =

@W-—— e o= ©) 2

1-x 1-x 1-x x% -1

Free Response Questions

tant x

5. Let f be the function given by f(x) =x
(@) Find f'(x).

(b) Write an equation for the line tangent to the graph of f at x=1.
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2.10 Approximating a Derivative

If a function f is defined by a table of values, then the approximation values of its

derivatives at b can be obtained from the average rate of change using values that
are close to b.

X a b C

f(x) o f@ - f(b) - f(c)

For a<b<c,
f’(b)zw or
f’(b)z—f(bt)):;(a) or

/() ~ =@ (CZ:;(a) .

Example 1 o The temperature of the water in a coffee cup is a differentiable function F of timet.
The table below shows the temperature of coffee in a cup as recorded every 3 minutes
over 12minute period.

F(t) | 205 197 192 186 181

(a) Use data from the table to find an approximation for F'(6) ?

(b) The rate at which the water temperature decrease for 0 <t <12 is modeled
by F(t)=120+85¢ %" degrees per minute. Find F'(6) using the given model.

F(6)-F(3) _192-197 _ 5

Solution o (a) F'(6) —= °F/min or
6-3 3 3
F'(6) ~ F(9)-F(6) _186-192 5 “F/min or
9-6 3
F'(6) ~ F(9)-F(3) _186-197 11 “E /min
9-3 6 6

(b) F'(t) =0+85e 0 di (—0.03t)
X
=85e 0%(—0.03) = —2.55¢ >0

F'(6) =—2.55e *%® — _2 557018 ~ _2 129 °F /min
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Exercises - Approximating a Derivative

Multiple Choice Questions

1. Some values of differentiable function f are shown in the table below.
What is the approximation value of f'(3.5)?

X 3.0 3.3 3.8 4.2 4.9

f(x) | 21.8 | 261 | 325 | 38.2 | 48.7

(A) 8 (B) 10 (C) 13 (D) 16

Free Response Questions

Month 1 2 3 4 5 6

Temperature | -8 0 25 50 72 88

2. The normal daily maximum temperature F for a certain city is shown in the table above.
(a) Use data in the table to find the average rate of change in temperature from t=1to t=6.
(b) Use data in the table to estimate the rate of change in maximum temperature at t=4.

(c) The rate at which the maximum temperature changes for 1<t <6 is modeled

by F(t)= 40—525in(%t—5) degrees per minute. Find F'(4) using the given model.
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Applications of Differentiation

3.1 Related Rates

In a related rates problem, the idea is to compute the rates of change of two or more related variables
with respect to time. The procedure involves finding an equation that relates the variables and using
the Chain Rule to differentiate both sides with respect to time.

Guidelines For Solving Related Rate Problems
1. Read the problem carefully and draw a diagram if possible.
2. Name the variables and constants. Use t for time.

3. Write an equation that relates the variables whose rates of change are given.
If necessary, use the geometry or trigonometry of the situation and write an
equation whose rates of change are to be determined.

4. Combine two or more equations to get a single equation that relates the variable.
5. Use the Chain Rule to differentiate both sides of the equation with respect to t .

6. Substitute the given numerical information into the resulting equation and solve
for the unknown rate.

Example 1 o Water runs into a conical tank at a rate of 0.5 m*/min . The tank
stands point down and has a height of 4m and a base radius of 2m.
How fast is the water level rising when the water is 2.5m deep?

Solution o Draw a picture and name the
variables and constants.
Let V =volume of water in the
tank, h =depth of water in the tank,
and r =radius of the surface of
the water at time t .

Volume of a cone is V =%7rr2h.

In order to eliminate r we use the
similar triangle in the figure.

2 r
4 h 2
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Example 2 o

Solution

velrnoloDyzn o Zpe
3 372 12

d_Vzﬂ(thQ)zﬁ_hzﬁ
dt 127 dt’ 4 dt
_ 7(2.5)° dh
T4 dt
dh _ (0.5)4
dt  z(2.5)?

0.5

~ 0.102

Substitute r = 2 .

Differentiate V and h with respectto t .

d—V=O.5 and h=25.
dt

So, when h=2.5, the water level is rising at a rate of 0.102 meters

per minute.

Car A is traveling due west toward the
intersection at a speed of 45 miles per
hour. Car B is traveling due north away
from the intersection at a speed of 30 mph.
Let x be the distance between Car A and
the intersection at time t, and let y be
the distance between Car B and the inter-
section at time t as shown in the figure

at the right.

CarB

Car A

(a) Find the rate of change, in miles per hour, of the distance between
the two cars when x =32 miles and y =24 miles.

(b) Let @ be the angle shown in the figure. Find the rate of change of 4,
in radians per hour, when x =32 miles and y =24 miles.

O (a) Let s =the distance between the two cars.

s2=x*+y°
s2 =322 +24%2 =1600
s =+/1600 =40

dx/dt = —45 mi/h

dy/dt = 30 mi/h

d 2 d 2 2
—s =—(x"+
dt dt( YY)

25E = 2x%+ 2yﬂ
dt dt dt

2(40)% = 2(32)(-45) + 2(24)(30)

ds
— =-18 mph
dt P

Pythagorean Theorem

x=32 and y=24.

dx/dt is negative since the
car is moving to the left.

dy/dt is positive since
the car is moving up.

Differentiate both sides with
respectto t .

Power Chain Rule

Substitution
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(b) tang =Y
X
d d y . ) . .
—(tan @) =—(=) Differentiate both sides with respectto t .
dt dt "X
dy | dx
sec? 940 _ _dt . dt
d X
(02 40 _ (32)(30) - (24)(-45)
327 dt (32)°
dé

—=1.275 rad/hr
dt

Example 3 o A man 6 feet tall walks at a rate of 3 feet per second away from

Solution

O

a light that is 20 feet above the ground.

(a) At what rate is the tip of his shadow moving when he is
12 feet from the base of the light.

(b) At what rate is the length of his shadow changing when
is 12 feet from the base of the light.

Draw a picture and name the
variables and constants. Let

x = the distance from the base
to the man and s =the distance
from the man to the tip of his 6
shadow.

20

By similar triangles, ﬂ = dt
X+S

= 20s=6(x+s) = 14s=6x

6 & 3 ft/sec
S

3
= S=—X
7

(@) The tip of the shadow moves at a rate of

%(X +5) x+s is the distance from the base to the tip of shadow.
d 3 10 dx 3

=—(X+=X)=—— s==X
dt 7 7 dt 7

:E(S):@ ft/sec %:3
7 7 dt

(b) The length of the shadow changing at a rate of

i(s) = a (g X) = 3 s is the length of shadow.
dt dt 7 7 dt

= E(3) = S ft/sec
7 7
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Exercises - Related Rates

Multiple Choice Questions

1. The radius of a circle is changing at the rate of 1/ inches per second. At what rate, in square inches
per second, is the circle’s area changing when r =5in?

A) 2 (B) 10 © (D) 15
T T

2. The volume of a cube is increasing at the rate of 12 in3/min . How fast is the surface area increasing,
in square inches per minute, when the length of an edge is 20 in?

6 4 12
(A) 1 ®) < © 3 ®) =

300 ft

3. Inthe figure shown above, a hot air balloon rising straight up from the ground is tracked by a television
camera 300 ft from the liftoff point. At the moment the camera’s elevation angle is /6, the balloon is

rising at the rate of 80 ft/min . At what rate is the angle of elevation changing at that moment?

(A) 0.12 radian per minute
(B) 0.16 radian per minute
(C) 0.2 radian per minute

(D) 0.4 radian per minute
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4. A car is approaching a right-angled intersection from the north at 70 mph and a truck is traveling to the
east at 60 mph. When the car is 1.5 miles north of the intersection and the truck is 2 miles to the east, at
what rate, in miles per hour, is the distance between the car and truck is changing?

(A) Decreasing 15 miles per hour
(B) Decreasing 9 miles per hour
(C) Increasing 6 miles per hour

(D) Increasing 12 miles per hour

5. The radius r of a sphere is increasing at a constant rate. At the time when the surface area and the
radius of sphere are increasing at the same numerical rate, what is the radius of the sphere?

(The surface area of a sphere is S =47r2.)

1 1 1 T
") o ® © 5 ®) 5

6. If the radius r of a cone is decreasing at a rate of 2 centimeters per minute while its height h is increasing
at a rate of 4 centimeters per minute, which of the following must be true about the volume V of the cone?

(v =%7rr2h)

(A) V is always decreasing.
(B) V is always increasing.
(C) V isincreasing only when r > h .

(D) V isincreasing only when r <h.
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Free Response Questions

y=+/x

7. A particle moves along the curve y = JX . When y = 2 the x-component of its position is increasing
at the rate of 4 units per second.

(a) What is the value of (cjj_)t/ when y=27?

(b) How fast is the distance from the particle to the origin changing when y =27

(c) What is the value of (:j—f when y=27?

8. As shown in the figure above, water is draining at the rate of 12 ft*/min from a hemispherical bowl
of radius 25 feet. The volume of water in a hemispherical bowl of radius R when the depth of the water

is y meters is given as V = % y2(3R-Y).

(a) Find the rate at which the depth of water is decreasing when the water is 18 meters deep. Indicate
units of measure.

(b) Find the radius r of the water’s surface when the water is y feet deep.

(c) At what rate is the radius r changing when the water is 18 meters deep. Indicate units of measure.
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20 ft

9. In the figure shown above, the top of a 20-foot ladder is sliding down a vertical wall at a constant rate
of 2 feet per second.

() When the top of the ladder is 12 feet from the ground, how fast is the bottom of the ladder moving
away from the wall?

(b) The triangle is formed by the wall, the ladder and the ground. At what rate is the area of the triangle
is changing when the top of the ladder is 12 feet from the ground?

(c) At what rate is the angle @ between the ladder and the ground is changing when the top of the ladder
is 12 feet from the ground?

10. Consider the curve given by 2y +3xy =1.

dy

a) Find —=.
(a) Fi i

(b) Find all points (x,y) on the curve where the line tangent to the curve has a slope of —%.

(c) Let x and y be functions of time t that are related by the equation 2y® +3xy =1. Attime t =3,

the value of y is2and Yy =—2. Find the value of % attime t=3.
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3.2 Position, Velocity , and Acceleration

Let s(t) be the position function for an object moving along a straight line.

Velocity is the derivative of position with respect to time.
. s(t+h)—s(t)
v(t) =lim————==¢'(t) .
(1) = Jim === (t)
Speed is the absolute value of velocity.
speed =|v(t)|
Acceleration is the derivative of velocity with respect to time.

a(t) =v'(t) = s"(t)

If v>0, then the particle is moving to the right.
If v <0, then the particle is moving to the left.

If a>0,then v isincreasing.
If a<0,then v is decreasing.

If a and v have the same sign, the particle’s speed is increasing.
If a and v have the opposite signs, the particle’s speed is decreasing.

Note: For movement on a horizontal line, x(t) is used to represent the position function;

rightward movement is considered to be in the positive direction.
For movement on a vertical line, y(t) is used to represent the position function; upward

movement is considered to be in the positive direction.

Example 1 o A particle starts moving at time t =0 and moves along the x-axis so that

its position at time t > 0 is given by x(t) =t* —%tz +7.

(a) Find the velocity of the particle at any time t >0.
(b) For what values of t is the particle moving to the left.
(c) Find the values of t for which the particle is moving but its acceleration is zero.

(d) For what values of t is the speed of the particle decreasing?

Solution o (a) v(t) = x'(t) =3t* -9t
(b) The particle is moving to the left when v(t) <0.
v(t) =3t2 -9t =3t(t-3)<0 = 0<t<3.

(c) a(t) =Vv'(t)=6t-9=3(2t-3)
The acceleration is zero when 2t—3=0.So, t=3/2.

(d) The speed of particle is decreasing when §<t < 3, since

within this interval, a(t) and v(t) have the opposite signs.

Signsofv(t) | — - — | | + +
Signsofa(t) | - - - | + + + | + +
3

—+— :
0 1 32 2
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Exercises - Position, Velocity, and Acceleration

Multiple Choice Questions

1. A particle moves along the x-axis so that at any time t >0, its position is given by x(t) = —Ecost -3t.

What is the acceleration of the particle when t = %?

V3 1 1 NG
(A) vy (B) 1 ©) 1 (D) R

2. A point moves along the x-axis so that at any time t, its position is given by x(t) = JxInx . For what
values of t is the particle at rest?

(A) No values (B) — © 1 (D) e
e e

3. A particle moves along the x-axis so that at any time t , its position is given by x(t) =3sint+t*>+7.
What is velocity of the particle when its acceleration is zero?

(A) 1.504 (B) 1.847 (C) 2.965 (D) 3.696

4. Two particles start at the origin and move along the x-axis. For 0 <t <8, their respective position
functions are given by x(t) =sin?t and x,(t) =e™. For how many values of t do the particles
have the same velocity?

(A) 3 (B) 4 €5 (D) 6
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5. A particle moves along a line so that at time t, where 0 <t <5, its velocity is given by
v(t) = -t + 6t —15t +10 . What is the minimum acceleration of the particle on the interval?

(A) -30 (B) 15 ) -3 (D) 0

6. A particle moves along the x-axis so that at any time t >0, its velocity is given by v(t) = —t%™".
At what value of t does v attain its minimum?

A) 33 (B) 3 () o D) e

7. The position of a particle moving along a line is given by s(t) =t —12t% + 21t +10 for t>0. For
what value of t is the speed of the particle increasing?

(A) 1<t<7 only

(B) 4<t<7 only

(C) O<t<land 4<t<7
(D) 1<t<4 and t>7

Free Response Questions

8. A particle moves along the x-axis so that its position at any time t >0 is given by x(t) = (t—2)3(t—6) .

(a) Find the velocity and acceleration of the particle at any time t >0.

(b) Find the value of t when the particle is moving and the acceleration is zero.
(c) When is the particle moving to the right?

(d) When is the velocity of the particle decreasing?

(e) When is the speed of the particle increasing?
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3.3 Rolle’s Theorem and The Mean Value Theorem

Rolle’s Theorem

Let f be continuous on the closed interval [a,b] and differentiable on the open interval

(a,b). If f(a)= f(b), then there is at least one number c in the open interval (a,b) such

that
f'(c)=0.

2 f'(c)=0
f'(cy) =0

Rolle's Theorem says that

a differentiable curve has

at least one horizontal tangent
between a and b if f(a)= f (b).

The Mean Value Theorem

If f iscontinuous on the closed interval [a,b] and differentiable on the open
interval (a,b), then there exists a number c in the open interval (a,b) such that

f!(c): f(b)_ f(a) .
b-a
Y P(c, f(c))
A(a f(a)) The Mean Value Theorem says that

y=f(x) there is at least one point P(c, f (c)),
on the curve where the tangent line
B(b, f (b)) is parallel to the secant line AB.

|
|
|
|
|
|
|
|
|
|
|
|
|
c
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Example 1

Solution

Example 2 o

Solution

O

on the closed interval [0,3].

f(x)=x—9x+1
f(0)=1
f(3)=(3)°-93)+1=1

f'(x)=3x* -9

f'(c)=3c2-9=0

=3 = c=+3

But —v3 isnotin (0,3), so c=+3.

Let f be the function given by f(x)=x®—9x+1. Find all numbers ¢
that satisfies the conclusion of Rolle’s Theorem for f , suchthat f'(c) =0

So, f(0)= f(3), and from Rolle’s Theorem there exists at least
one number c¢ in the open interval (0,3) such that f'(c)=0.

Differentiate.

Set f'(c) equal to 0.

Let f be the function given by f(x)=x>—-2x*+x-5.
Find all numbers c that satisfy the conclusion of the
Mean Value Theorem for f on the closed interval [-1,2].

f(x)=x*-2x* +x-5

f'(x) =3x% —4x+1
f'(c) =3c® —4c+1
f(2)=(2)°-2(2?+2-5=-3
f(-1) =(-1)*-2(-1)*-1-5=-9

Differentiate.

f'(c) :M Mean Value Theorem
—a
ac? —4c+1- A=Y b—2 and a1
2-(-1)
3 —4c 1= o+ f(2)=-3 and f(-1)=-9
2+1
3c? —4c-1=0 Simplify.
.o 2447
3
- 2*3‘ﬁ ~1.549 and ¢ = 2—3ﬁ ~—215

Both numbers lie in the open interval (-1,2), so

of the Mean Value Theorem.

7 . .
satisfy the conclusion
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Exercises - Roll’s Theorem and the Mean Value Theorem

Multiple Choice Questions

1. Let f be the function given by f(x)=sin(zx).What are the values of ¢ that satisfy Roll’s Theorem
on the closed interval [0,2]?

1 1 1 1 1 3
A) = onl B) = onl C) =~ and = D) = and —
()4 y ()2 y ()4 5 ()2 5

2. Let f be the function given by f(x)=—x*+3x+2 . What are the values of ¢ that satisfy Mean Value
Theorem on the closed interval [0,3]?

(A) —/3 only (B) —/3 and /3 (C) /3 only (D) 1.5and /3

y=f(x) B(b, f (b))

Aa, f ()

3. The figure above shows the graph of f . On the closed interval [a, b] , how many values of ¢ satisfy
the conclusion of the Mean Value Theorem?

(A) 2 (B) 3 (C) 4 (D) 5
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4. Let f be the function given by f(x) :LZ. What are the values of ¢ that satisfy the Mean Value
X+

Theorem on the closed interval [-1,2] ?

(A) —4 only (B) 0only (C)0and % (D) -4 and 0

Graph of f

5. The continuous function f is defined on the interval —3< x < 6. The graph of f consists of

two quarter circles and two line segments, as shown in the figure above. Which of the following
statements must be true?

I. The average rate of change of f on the interval —-3<x<6 is —%.

Il. There is a point ¢ on the interval —3 < x <6, for which f'(c) is equal to the average rate of
change of f on the interval -3<x<6.

1

I11.If h is the function given by h(x) = f(%x) , then h'(6) ==3

(A) I 'and Il only
(B) I'and 11 only
(C) Il 'and 111 only

(D) 1, 11, and 11
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Free Response Questions

t (min)

10

v(t) (km/min)

15

18

23

24

18

13

08

03

-1.2

6. A car drives on a straight road with positive velocity v(t) , in kilometers per minute at time t minutes.
The table above gives selected values of v(t) for 0<t<50. The function v(t) is a twice-differentiable

function of t.

(a) For 0 <t <50, must there be a time t when v(t) = —1? Justify your answer.

(b) Based on the values in the table, what is the smallest number of instances at which the acceleration

of the car could equal zero in the open interval 0 <t <50 ? Justify your answer.
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3.4 The First Derivative Test and the Extreme Values of Functions

Definition of Absolute and Relative Extrema

A function f has an absolute minimum at ¢ if f(c) < f(x) forall xinthe domain of f .
A function f has an absolute maximum at c if f(c)> f(x) forall xin the domainof f .

A function f has a relative minimum at ¢ if f(c) < f(x) forall xin the vicinity of c.
A function f has a relative maximum at ¢ if f(c)> f(x) forall xin the vicinity of c.

Definition of a Critical Number

If f'(c)=0 orif f’'(c) does not exist, then c is called a critical number of f .

y  f'(c) does not exist. y f'(c)=0 Horizontal Y f’(c) does not exist.
T tangent at \
: : X=c : Vertical
l ! tangent at
| | | e
! X t - X L - X
|/ ¢ X\ 'l c | |~ ¢
c is a critical number of f. c is a critical number of f. ¢ is a critical number of f.

Test for Increasing and Decreasing Functions

1. Afunction f isincreasing on an interval if f’(x) >0 on that interval.
2. A function f is decreasing on an interval if f’'(x) <0 on that interval.

First Derivative Test

Let ¢ be a critical number of a function f that is continuous on an open interval.

1. If f'(x) changes from negative to positive at c, then f(c) is a relative minimum of f .
2. If f'(x) changes from positive to negative at c, then f(c) is a relative maximum of f .

3. If f'(x) does not change signs at ¢, then f(c) is neither a relative minimum nor
a relative maximum.

Y Relative minimum y Relative maximum y No maximum
or minimum
f'(x)>0 ! f'(x) <0
| ’

; H09>0 =+=%9>0

f/(x) <0 (x>0 | l

! | |
! X 1 X 1 X

(0] c (0] C (0] c
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Relative Extrema Occur Only at Critical Numbers

If f has a relative minimum or a relative maximum at x =c, then c is a critical number
of f . But the converse of this theorem is not necessarily true. The critical numbers of a
function need not produce relative extrema.

(a)

f(x)=2x—-3x2"3

(b)

(©)

y

(-12) T f)=x-3x"

The number 0 is a critical number because f'(0)
does not exist, and the number 1 is a critical number
because f'(1) = 0. The relative maximum is f(0)=0
and the relative minimum is f (1) =-1.

f is increasing on (—,0) and (1, ).

f is decreasing on (0,1).

The numbers 1/2 and 2 are critical numbers because
f'(1/2)=0and f'(2) =0. The absolute minimum is
f (1/2) =-27/16. Note that the critical number x = 2
does not yield a relative minimum or a relative
maximum. Not every critical number of a function
produces a relative extrema.

f is decreasing on (—o0,1/2) and f is increasing

on (1/2,0).

The number 0 is a critical number because f'(0)
does not exist. The numbers —1 and 1 are critical
numbers because f'(-1) =0 and f'(1)=0.

The relative maximum is f (—1) = 2 and the relative
minimum is f (1) =-2.

f is increasing on (—o,-1) and (1,).

f is decreasing on (-1,1).
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Example 1 o Find the critical numbers of f(x) = x¥*(x—1)2.

1
3x2/3

Solution o f'(x)=x" .2(x—1)+%x—2/3(x—1)2 =2 (x-1)+ (x—1)2

CBX(x=D+(x-1)*  (7x-1)(x-1)
N 3x?/3 - 3x2/3
f'(x) does not exist when x=0.

f'(x) =0 when x:% and x=1.

So, the critical numbers are 0, % and 1.

The Extreme Value Theorem

If f iscontinuous on the closed interval [a, b] , then f has both a minimum and maximum
on the interval.

Finding Extrema on a Closed Interval

To find the extrema of a continuous function f on a closed interval [a,b] , use the following
steps.

1. Find the values of f at the critical numbers of f in (a,b).
2. Find the values of f at the endpoints of the interval.

3. The least of these values is the minimum. The greatest is the maximum.

Example 2 o Find the absolute maximum and minimum values of
f(x)=x* - 2x° on the interval [-1,3].

Solution o f'(x)=4x®-6x* = 2x*(2x-3)
Since f'(x) exists for all x, the only critical Y (3.27)
numbers of f occurs when x=0 or x=3/2. Maximum

f(0)=0, f(3/2)=-1.6875

The values of f at the endpoints of the interval (-1,3)

are f(-1)=3 and f(3)=27. '

So, the absolute maximum value (0,0)

is f(3) =27 and the absolute (1.5,-1.6875)

minimum value is f(3/2) =-1.6875. Minimum
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Example 3 o Let f be the function givenby f(x)=x-2sinx for 0<x<2r.

Solution

O

(a) Find the intervals on which f isincreasing and decreasing.

(b) Find the absolute minimum and maximum value of f on the
closed interval [0,27].

(57/3,6.968)

f'(x)=1-2cosx=0 Y Maximum

1
= COSX=—
2 4
T 5
= X:—,— £
3 3

Since there are no points for which f' T

does not exists, we can conclude that
l l l l l l l l - X
T T T T

X :% and x = 5?” are the only critical O (7/3,-.685)

numbers. T Minimum

Make a diagram which shows the signs of f'.

p— + p—
signs of f' - - .

0 7/3 57/3 27

(@) f isincreasing on the interval (%,5?”) and

decreasing on the interval (0,%) and (S?E,Z;z).

(b) Absolute maximum value is 6.968 and
absolute minimum value is —0.685 .
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Exercises - The First Derivative Test and the Extreme Values of Functions

Multiple Choice Questions

1. Atwhat values of x does f(x)=(x—1)3(3—x) have the absolute maximum?

) 1 ® > © 2 ©)

2. At what values of x does f(x)= x—2x%® have a relative minimum?

64 16 4
A) — ® 5 © 3 (D) 2

3. What is the minimum value of f(x)=x?Inx?

(A) —e
1
® -5
© -1
e
(D) ——

N
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N

Y
>

4. The graph of a function f isshown above. Which of the following statements about f are true?

I. lim f(x) exists.

X—a

II. x=a isthe domainof f .
Ill. f hasarelative minimumat x=a.

(A) lonly

(B) land Il only
(C) Iand Il only
(D) I, 11, and I

5. Apolynomial f(x) has a relative minimum at (—4,2), a relative maximum at (-1,5) , a relative
minimum at (3,—3) and no other critical points. How many zeros does f(x) have?

(A) one (B) two (C) three (D) four

6. At x =2, which of the following is true of the function f defined by f(x)=x%e*?

(A) f has a relative maximum.
(B) f has arelative minimum.
(C) f isincreasing.

(D) f isdecreasing.



88 Chapter 3

y=1(x)

™

C

7. The graph of ', the derivative of f, is shown in the figure above. Which of the following describes

all relative extrema of f on the open interval (a,b)?

(A) One relative maximum and two relative minima
(B) Two relative maxima and one relative minimum
(C) Two relative maxima and two relative minima

(D) Three relative maxima and two relative minim

8. The first derivative of a function f isgivenby f'(x)= 38'”22)() . How many critical values does f
X
have on the open interval (0,10) ?
(A) four (B) five (C) six (D) seven

9. The function f is continuous on the closed interval [-1,5] and differentiable on the open interval (-1,5).
If f(-1)=4 and f(5) =-2, which of the following statements could be false?

(A) There exist ¢, on [-1,5], such that f(c)< f(x) forall x on the closed interval [-1,5].

[
(B) Thereexist ¢, on (-1,5), such that f(c)=0.
(C) Thereexist ¢, on (-1,5), such that f'(c)=0.

(

(D) There exist ¢, on —1,5), such that f(c)=2.
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X 4| -3|-2|-1|10|1]|2]|3|4]|5

f')|-1|=2|0|1|2|1|0|-2|-3]|-1

10. The derivative, f', ofafunction f is continuous and has exactly two zeros on [—4,5] . Selected values
of f’(x) are given in the table above. On which of the following intervals is f increasing?

(A) -3<x<0or4<x<5h
(B) 2<x<0 or 4<x<5
(C) -3<x<2 only
(D) —2<x<2 only

11. The height h, in meters, of an object at time t is given by h(t) =t> —6t? + 20t . What is the height of
the object, in meters, at the instant it reaches its maximum upward velocity?

(A) 24 (B) 28 (C) 33 (D) 42

12. Which of the following is an equation of a curve that intersects at right angles every curve of
the family y = x* + ¢, where c is a constant?

A y=-1 (B) y= - € y=-1 (D) y=—inx
X In x 2
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Free Response Questions

y=109

13. The figure above shows the graph of f', the derivative of the function f , for —4 <x <7 . The graph
of f' has horizontal tangent linesat x=-1, x=3,and x=5.

(a) Find all values of x, for -4 <x<7,atwhich f attains a relative minimum. Justify your answer.
(b) Find all values of x, for —4<x<7,atwhich f attains a relative maximum. Justify your answer.

(c) At what value of x, for -4<x<7,does f attain its absolute maximum. Justify your answer.
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3.5 The Second Derivative Test

Test for Concavity

1. If £"(x)>0 forall xinan open interval |, then the graph of f is concave upwardon I .
2.1f £"(x) <0 forall xinanopeninterval I, then the graph of f isconcave downward
on | .

Definition of Points of Inflection

A point P onacurve y= f(x) is called a point of inflection if f iscontinuouson P and
the curve changes from concave upward to concave downward or vice versa.

If (c, f(c)) is a point of inflection of the graph of f , then either f"(x)=0 or f is not
differentiable at x=c.

Second Derivative Test

Let f bea function such that f’(c)=0 and the second derivative of f exists onan open
interval containing c.

1.1f f"(c) >0, then f(c) isa relative minimum.
2.1f £"(c)<0,then f(c) isarelative maximum.
3.1f £"(c) =0, the test fails. Use the First Derivative Test.

. f'(x)>0 ) f'(x)<0 ) f'(x)>0 |
l«—— fis —e—————fis — s fis —
increasing decreasing increasing

Relative
maximum

elative
minimum

At the point of inflection,
f"(x)=0. f is increasing
most rapidly when f'(x) >0

At the point of inflection,
f"(x)=0. f is decreasing
most rapidly when f'(x) <0

i
i
i
i
i
i
i
i
i
i
i
i
i
i
| |
| |
! |
! i
! |
I i
: and f"(x)=0.
i

i

i

i

i

i

i

and f"(x)=0.
|
Concave downward Concave upward :
f'(x)<0 f"(x)>0 :
f7(x)>0 = f ' is decreasing. f'is increasing. f7(x)<0 |
| |

All tangent lines lie All tangent lines lie
above the curve. below the curve.
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Example 1 o Let f be the function given by f(x)=3x>—-5x%+3.

(a) Find the relative maximum and minimum value of f .

(b) Find the intervals on which f is increasing and decreasing.

(c) Find the x-coordinate of each inflection points on the graph of f .

(d) Find the intervals on which f is concave upwards and concave
downwards.

Solution o (&) Use the first derivative test to find the relative extreme values.

f'(x) =15x* —15x® =15x (x +1)(x—1)
f'(xX)=0 => x=-1,0,1
- + -
signs of ' : : |
-1 0 1
Since f' changes from positive to negative at x = -1,
f(-1) =5 is a relative maximum.
The sign of f’ does not change at x =0, so there is no maximum

or minimum.
Since f' changes from negative to positive at x =1,

f(@) =1 is arelative minimum.

(b) f isincreasing on (oo,—l) and (1,0) .

f is decreasing on (-1,1).

(c) f"(x)=60x>—30x =30x(2x* -1)

__ N2 A2
o277 2
- + - +

—\/Ii/z 0 \/EI/Z

f"(x)=0 = x 0

signs of f”

Maximum ,y

f” changes from negative to 15 |

positive at x = —\/5/2 , from
positive to negative at x =0,
and from negative to positive

at x=\/§/2,so, —\/5/2,0,
and \/5/2 are the x-coordinate
of the points of inflection. (1) Minimum

f(x)=3x"-5x°+3

/i

Points of
inflection

(d) The graph of f is concave
downward on (—oo,—\/E/?_) and

(0.v2/2).
The graph of f is concave upward on (—\/5/2,0) and («/5/2,00).
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Exercises - The Second Derivative Test

Multiple Choice Questions

1. The graph of y=x*—2x® has a point of inflection at

(A) (0,0) only
(B) (0,0) and (1,-1)
(©) @,-2) only

0) 0.0) and (-2

2. Ifthe graph of y = ax® —6x* +bx—4 has a point of inflection at (2,—2) , what is the value of a+b?

(A) -2 (B) 3 (C) 6 (D) 10
3. At what value of x does the graph of f(x) = \/§+% have a point of inflection?
X
1 7
(A) > (B) 1 € 3 (D) >

4. The graph of y =3x®—40x® —21x is concave up for

(A) x<0

(B) x>2

(C) x<0or0<x<2
(D) 2<x<0 or x>2
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5. Let f be atwice differentiable function such that f(1)=7 and f(3)=12.If f'(x)>0 and f"(x)<0
for all real numbers x, which of the following is a possible value for f (5)?

(A) 16 (B) 17 (C) 18 (D) 19
y
‘7 o IR X
Graph of "

6. The second derivative of the function f is given by f”"(x)=x(x+a)(x—e)? and the graph of " is
shown above. For what values of x does the graph of f have a point of inflection?

(A) b and ¢ (B) b, cand e (C) b, candd (D) a and 0

7. The first derivative of the function f is givenby f'(x) = (x> +2) e*. What is the x-coordinate of
the inflection point of the graph of f ?

(A) -3.196 (B) -1.260 (C) -1 (D) 0

8. Let f be atwice differentiable function with f’(x) >0 and f"(x) >0 forall x, in the closed
interval [2,8] . Which of the following could be a table of values for f ?

A Tr ® 'y Tr © T'x Trw O M Tr
> | 1 > | -1 2 | > | 8
4 3 4 2 4 1 4 4
6 | 6 6 | 5 6 | 4 6 | 1
g | 8 s | 8 g | 8 8 | -1
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9. Let f be the function given by f(x)= Ssin(z—;)—4cos(%) .For 0<x<7, f isincreasing most

rapidly when x =

(A) 0.823 (B) 1.424 (C) 1.571 (D) 3.206

\\<y f(x) V
5 2\

10. The graph of a twice differentiable function f isshown in the figure above. Which of the following
is true?

A) ()< f(2)< ')
(B) f'(2)< ") < f(2)
©) F'2)< f(2)< ")
D) f(2)< f'(2)< "(2)

2
11. At which of the five points on the graph in the figure above is % >0 and % >07?
X X

(A) A (B) B ) C (D) D
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Free Response Questions

2
(=3.2) 7.2)

(10)

20N\ __9 (6.0)

(-1,-12) (2,-1.5)

(4v_4)
Graph of f’

12. The figure above shows the graph of f', the derivative of the function f , on the closed interval [—3,7] .
The graph of f' has horizontal tangent linesat x=-1, x=1, and x=4. The function f is twice

differentiable and f(-2) = %

(a) Find the x-coordinates of each of the points of inflection of the graph of f . Justify your answer.

(b) At what value of x does f attain its absolute minimum value on the closed interval [—3,7] .

(c) Let h be the function defined by h(x) = x?f (x) . Find an equation for the line tangent to the graph
of h at x=-2.
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13.Let f be a twice differentiable function with f(1)=-1, f'(1)=2,and f"(1)=0. Let g be a function

whose derivative is given by g'(x) = x*[2f (x)+ f'(x)] for all x.

(a) Write an equation for the line tangent to the graph of f at x=1.
(b) Does the graph of f have a point of inflection when x =17 Explain.

(c) Given that g(1) =3, write an equation for the line tangent to the graph of g at x=1.

(d) Show that g"(x) = 4x f (X) +2x(x+1) f'(x) + x> f"(x) . Does g have a local maximum or minimum
at x =17? Explain your reasoning.



98 Chapter 3

3.6 Curvesof f,f’, f” and Curve Sketching

The following guidelines provide the information you need to sketch a curve y = f(x).
Not every item is relevant to every function.

Guidelines for Sketching a Curve

1. Domain
Identify the domain of f , that is, the set of values of x for which f (x) is defined.

2. Intercepts
To find the x-intercepts, let y =0 and solve for x.

To find the y-intercepts, let x =0 and solve for y .

3. Symmetry
If f(-x)= f(x),then f isan even function and the curve is symmetric about the y-axis.

If f(—x)=-f(x),then f isan odd function and the curve is symmetric about the origin.
When replacing y by —y yields an equivalent equation, the curve is symmetric about the
X-axis.

4. Asymptote
If either lim f(x)=L or lim f(x)=L,thentheline y=L isa horizontal asymptote of
X—>—00

X—0
the curve y = f(x).
If one of the following is true: lim f(x)=o, lim f(x)=o, lim f(x)=-w or
x—a* Xx—a x—a*
lim f(x)=—0, thenthe line x =a is a vertical asymptote of the curve y = f(x).

X—a

5. Intervals of Increasing or Decreasing
Compute f'(x).If f'(x)>0 f isincreasingandif f'(x)<0 f isdecreasing.

6. Relative Maximum and Relative Minimum Values
Find the critical numbers then use the first derivative test.

7. Points of Inflection and Concavity
Compute f"(x) . Inflection point occur where the direction of concavity changes. The curve

is concave upward where f"(x) >0 and concave downward where f"(x)<O0.

Example 1 o Sketch the graph of f(x)= 2xe 7% .

Solution o 1.Domainof f is (—o0,).
2. x- intercepts: (0,0) y-intercepts: (0,0)
3. f(=x)=2(-x)e"™" = —2xe™ =—f(x), so the curve is symmetric about the origin.

. 2 . 2X
4. lim 2xe™ = lim =
X—>—0 x—>-0 X X—>0 x—0 oX

y =0 is a horizontal asymptote.

=0, lim2xe™ = lim 2x =0, s0

2
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_ 2

5. £/(x) = 2(-2x% ™ +e )= 26 (1-2x%) = 242X fx )
€

f'(x)=0 = x=4%

f

- + -
signs of f' -

B |2

f isincreasing on (—1,/\/51/«/5)
f is decreasing on (—oo,—l/\/E) and (]/\/Eoo)

6. Relative maximum value f(]/\/E) =,/2/e
Relative minimum value f (—]/\/5) =—2/e

7. £7(x) = 4xe™* (2x% -3)
f'(x)=0 = x=0, x=14,/3/2

- + - +
signs of f” -

—/3/2 0

372
Points of inflection are (0,0), (—\/3/72,—\/6/6”/2)
and (\/3/_2,\/5/e3/2).

f is concave upward on (—\/3/_2,0) and (\/3/_200)
f is concave downward on (0, ~f3/2) and (0,/3/2).

Use the above information to sketch the graph of f(x) = 2xe™%

(= \F
f(x)=2xe™ J2'Ve

(\/7 3/2)

3 J6
- 3/2)

1 [2

(_ﬁl_ E)
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y="1'(x)

X

N
N
Nl
patll

Note: This is the graph of f', not the graph of f.

Example 2 o The figure above shows the graph of f'. The domain of f is
the set of all real numbers x such that -6 < x <8.
(a) For what values of x does f have a relative maximum?
(b) For what values of x does f have a relative minimum?
(c) For what values of x does the graph of f have a horizontal tangent?
(d) For what values of x is the graph of f concave upward?
(e) For what values of x is the graph of f concave downward?
(f) Suppose that f (0) =1. Sketch a possible graph of f .

Solution o (a) f hasrelative maximumat x =-5 and 7 because f’ changes
from positive to negative at x=-5 and 7.

(b) f has relative minimum at x =3 because f’ changes from
negative to positive at x =3.

(c) The graph of f has horizontal tangentat x=-5, -1, 3,and 7
because f'(x)=0 at these points.

(d) The graph of f is concave upward on (-3,-1) and (2,5)
because f' isincreasing on these intervals.

(e) The graph of f is concave downward on (—6,-3), (-1,2) and
(5,8) because f' is decreasing on these intervals.

(f)

possible graph of f
T given that f (0) =1
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Exercises - Curves of f , f

’

, " and Curve Sketching

Multiple Choice Questions

1. If f isafunctionsuchthat f'>0 for a<x<c, f"<0 for a<x<b,and f”">0 for b < x<cwhich

of the following could be the graph of f ?

A) Y

<€) v

o
o

o
o

(B)

>

(D)

o]
(o
o

2. The graph of f(x)= xe X s symmetric about which of the following

I. The x-axis
Il. The y-axis
[11. The origin

(A) lonly

(B) 11 only

(C) ll only

(D) Il and 11 only
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3. Let f be the function given by f(x) =

asymptote of the graph of f ?

(A) y=-3

-3x?

(B) y=—3

Vax* +1

(©) y=+3

(D) y=3

. Which of the following is the equation of horizontal

4. Let f be a function that is continuous on the closed interval [a, c] , such that the derivative of

function f has the properties indicated on the table below.

(A)

(©)

X a<x<b b b<x<0 O<x<c
f'(x) - 0 + +
f"(x) + + + -
Which of the following could be the graph of f ?
(B)
i |
! |
! |
b : | c
: X
: c b O |
! :
| |
|
(D)
! :
I : |
b ! !
c a b o X

—————|e

~——-—-—-—|o
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/A

5. The graph of f’, the derivative of function f , is shown above. If f is a twice differentiable function,
which of the following statements must be true?

I. f(c)> f(a)
I. The graph of f isconcave up on the interval b<x<c.

Ill. f hasa relative minimumat x=c.

(A) lonly (B) Il only (C) Ml only (D) Il and HI only

I
]
]
]
]
]
]

6. Three graphs labeled I, I1, and 111 are shown above. They are the graphs of f, f’,and f”.Which of
the following correctly identifies each of the three graphs?

foof fr
A 11
® 1 1
© nur 1ol
©) 1 1
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! y="1(x)

7. The graph of f isshown in the figure above. Which of the following could be the graph of f'?

(A) Y B) v

S~ N X
\ N

< O) v
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Free Response Questions

8. The figure above shows the graph of f’, the derivative of a function f . The domain of f is the set of
all real numbers x such that 0<x<8.

(a) For what values of x does the graph of f have a horizontal tangent?
(b) On what intervals is f increasing?

(c) On what intervals is f concave upward?

(d) For what values of x does the graph of f have a relative maximum?

(e) Find the x-coordinate of each inflection point on the graph of f .
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X -1 -1<x<0 0 0<x<1 1 l<x<2 2<x<3
fO)| 1 + 0 - -1 - +
f'x)| -4 - 0 - DNE + +
f"(x) 2 + 0 - DNE - +

9. Let f be afunction that is continuous on the interval —1< x < 3. The function is twice differentiable
exceptat x=1. The function f and its derivatives have the properties indicated in the table above.

(@) For —1< x <3, find all values of x at which f has a relative extrema. Determine whether f has
a relative maximum or a relative minimum at each of these values. Justify your answer.

(b) On the axis provided, sketch the graph of a function that has all the given characteristics of f .

\)
>~

N
O
ol
N
ool

(c) Let h be the function defined by h’(x) = f(x) on the open interval -1<x<3.For -1<x<3,

find all values of x at which h has a relative extremum. Determine whether h has a relative
maximum or a relative minimum at each of these values. Justify your answer.

(d) For the function h, find all values of x, for —1< x <3, at which h has a point of inflection.
Justify your answer.
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3.7 Optimization Problems

When you are given a word problem that asks for the maximum or minimum value of a certain
quantity, you have to translate the word problem into a mathematical equation for the quantity
that is to be maximized or minimized. The differential calculus is a powerful tool for solving
these kind of problems.

Guidelines for Solving Optimization Problems
1. Read the problem carefully until you understand it.

2. In most problems it is useful to draw a picture. Label it with the quantities given in
the problem.

3. Assign a variable to the unknown quantity and write an equation for the quantity
that is to be maximized (or minimized), since this equation will usually involve
two or more variables.

4. Use the given information to find relationships between these variables. Use these
equations to eliminate all but one variable in the equation.

5. Use the first and second derivatives tests to find the critical points.

Example 1 o Find the points on the curve f(x)= Jx that is nearest to
the point (3,0) .

Solution o Sketch the graph of f(x)=+/X. Y
The distance between the point
(3,0) and a point (x,y) on the f(x)=/x
graph of f(x)=+/x is given by (x.y)
\
d =+/(x=3)* +(y-0)? \
\
=\(x-3)? + (Vx -0 \ - X
2 O (3!0)
=X —6X+9+X

We need only find the critical numbers of g(x) = x*> —5x+9, because
d is smallest when the expression inside the radical is smallest.
g'(x)=2x-5=0 = x=5/2

- +

sign of g’ :
5/2

The first derivative test verifies that x =5/2 yields a relative minimum.
The point on the curve closest to (3,0) is (5/2,«/5/2) .
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Exercises - Optimization Problems

Multiple Choice Questions

1. The point on the curve y =2—x? nearest to (3,2) is

() (0.2) ® G2 © 2

2. What is the area of the largest rectangle that has its base on the x-axis and its other two vertices on
the parabola y =6—x??

(A) 82 (B) 642 (C) 443 (D) 32
3. Ify :%—\& , What is the maximum value of the product of xy ?
X
1 V3 243 2
(A) 3 (B) Y © e (D) 3

CoOSX—m

4. If the maximum value of the function y = isat x= % what the value of m?

(A) —/2 (B) V2 ©) -1 (D) 1
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Free Response Questions

y
l f(x) =16 — x*
- (x.y)
0 ko)

5. Let f(x) =+16—x? . An isosceles triangle, whose base is the line segment from (0,0) to (k,0),
where k > 0, has its vertex on the graph of f as shown in the figure above.

(a) Find the area of the triangle in terms of k.

(b) For what values of k does the triangle have a maximum area?

©3) (z,3-12%)

f(x) =3-x?

0 (+/3,0)

6. The figure above shows the graph of the function f(x)=3-x?.For 0<z< V3, let A(2) be the area of

the triangle formed by the coordinate axes and the line tangent to the graph of f at the point (z,3—2°).

(a) Find the equation of the line tangent to the graph of f at the point (z,3-2%).

(b) For what values of z does the triangle bounded by the coordinate axis and tangent line have
a minimum area?
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3.8 Tangent Line Approximation and Differentials

The line tangent to a curve at a point is the line that best approximates the curve near that
point. An equation for the tangent line at the point (c, f(c)) is given by
y—f(c)=f'(c)(x—c) or y=f(c)+ f'(c)(x—c)

and the approximation

f(xX)=~ f(c)+ f'(c)(x—c)

is called the tangent line approximation of f at c.
The linear function

L(x)= f(c)+ f'(c)(x—c)
is called the linearization of f at c.

y y= 109 i
y= 1)+ D i)

y="f()+f'(c)(x-c)

If the curve is concave upward the line tangent
to the graph of y = f (x) lies below the graph, so
( () the tangent line approximation is smaller than the

' real value. The secant line connecting (a, f (a)) and
(b, f (b)) lies above the graph of y = f (x) for all x
in the interval a < x < b, so the secant line
approximation is larger than the real value.
X

(b, f(0))

(a f(a))

y y:f(b)+M(X_b)
b-a

y=f(c)+ f'(c)(x~c)

(b, f (b))

If the curve is concave downward the line tangent
— () to the graph of y = f (x) lies above the graph, so
y= the tangent line approximation is larger than the
real value. The secant line connecting (a, f (a)) and
(b, f (b)) lies below the graph of y = f (x) for all x
in the interval a < x < b, so the secant line
approximation is smaller than the real value.

(¢, f(c)

(a f(a))

X

Definition of Differentials

Let y = f(x) be a differentiable function. The differential dx is an independent variable.
The differential dy is
dy = f'(x)dx .

Estimating with Differentials

Differentials can be used to approximate function values.
f(X+AX) = f(X)+dy = f(x)+ f'(x)dx
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Example 1 o (a) Find the tangent line approximation of f(x)=+x-1 at c=5
and approximate the number /3.95.

(b) Find the tangent line approximation of f(x)=tanx at ¢ = z/4

and approximate the number tan47°.

Solution o (a) f(X)=+x-1= f(B)=~5-1=2

1 1 1
f'(x)= = f'(5)= ==
) 2x-1 ©) 2J5-1 4
y=2 +%(X -5) Tangent line approximation
1 3
=—X+— Simplify.
y=2%+3 plify
\/X—lz%x+% f(x)= f(c)+ f'(c)(x—c)
+3.95=+44.95-1 x=4.95

~ 1(4.95) +E =1.9875
4 4

T T
(b) f(x)=tanx = f(z)ztan(z):l

f'(x)=sec’x = f’(%):secz(%):2

y =1+2(x —%) Tangent line approximation
T . .
y= 2X_E+l Simplify.
tanxz2x—%+l £~ £(c)+ F(c)(x=c)
tan47° ~ 2(47° -L) 2 x=47° and 47" = 47—~ radian
180" 2 180

~1.0698
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Exercises - Tangent Line Approximation and Differentials

Multiple Choice Questions

1. For small values of h, the function h(x) =3/8+h is best approximated by which of the following?

h h h h
A) 5 8 2-- (©) 2+ ©) 3+

2. The approximate value of y=+/1-sinx at x=-0.1, obtained from the line tangent to the graph
at x=0,is

(A) 0.9 (B) 0.95 (C) 1.01 (D) 1.05

3. Let y=x?Inx.When x=¢ and dx =0.1, the value of dy is

e e 3e 2e
(A) 0 (B) 5 © 0 (D) =

4. Let f be adifferentiable function such that f(2) :g and f'(2) =%. If the line tangent to the graph

of f at x=2 isused to find an approximation of a zero of f , that approximation is

(A) -3 (B) -2.4 (C) -1.8 (D) -1.2
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5. The approximate value of y = % at x =4.1, obtained from the line tangent to the graph at x =4 is
X
39 79 1 81
A) — B) — C) = D) —
()80 ()160 ()2 ()160
6. Let f be the function given by f(x)=x®—4x+5. If the line tangent to the graph of f at x =1 is
used to find an approximate value of f , which of the following is the greatest value of x for which
the error resulting from this tangent line approximation is less than 0.5?
(A) 15 (B) 1.6 C) 1.7 (D) 1.8
7. The linear approximation to the function f at x=a is y :%X—B. What is the value of f(a)+ f'(a)

interms of a?

(A) a-4

5
(B) a—z

© %a—4

1.5
D) —a——
(D) 5275
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Free Response Questions

8. Let f be the function given by f(x) =

esinx +1

(a) Write an equation for the line tangent to the graph of f at x=0.

(b) Using the tangent line to the graph of f at x =0, approximate f(0.1).

(c) Find f™*(x).
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fo0| 2| 4| 3| o 7

9. Let f be atwice differentiable function such that f'(3) = % The table above gives values of f

for selected points in the closed interval -2 < x<6.

(a) Estimate f'(0). Show the work that leads to your answer.
(b) Write an equation for the line tangent to the graph of f at x=3.
(c) Write an equation of the secant line for the graph of f on 1<x<6.

(d) Suppose f"(x)>0 forall x in the closed interval 1< x <6. Use the line tangent to the graph

of f at x=3 to show f(S)Z%.

(e) Suppose f"(x)>0 forall x inthe closed interval 1< x < 6. Use the secant line for the graph
of fonl1l<x<6 toshow f(5)<5 .
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Graph of '

10. Let f be twice differentiable function on the interval —1< x <5 with f(1)=0 and f(2)=3.
The graph of f', the derivative of f ,is shown above. The graph of f' crosses the x- axis at

x=-0.5 and x=4. Let h be the function given by h(x) = f (¥x+1).

(a) Write an equation for the line tangent to the graph of h at x =3.

(b) The second derivative of h is h”(x):% Jx+1f (\(/X +11))3/_2f (Jx+1) . Is h"(3) positive,
X+

negative, or zero? Justify your answer.

(c) Suppose h"(x) <0 forall x inthe closed interval 0< x < 3. Use the line tangent to the graph of h

at x =3 to show h(2) s%. Use the secant line for the graph of h on 0 <x <3 toshow h(2)>2 .



Chapter 4
Integration

4.1 Antiderivatives and Indefinite Integrals

Definition of an Antiderivative

A function F is called an antiderivative of f onaninterval | if F'(x)= f(x) forall x on I.

Representation Antiderivatives

If F isanantiderivative of f onaninterval I ,then F(x)+C represents the most general
antiderivative of f on |, where C is a constant.

Example 1 o Find an antiderivative for each of the following functions.

a. f(x)=3x?
b. g(x) =cosx+3

Solution o a F(x)=x3+C Derivative of x® is 3x2.

b. G(x) =sinx+3x+C Derivative of sinx is cosx,
and derivative of 3x is 3.

Definition of Indefinite Integral

The set of all antiderivatives of f is the indefinite integral of f with respectto x denoted by

j f (x)dx .

Thus j f(x)dx=F(x)+C means F'(x) = f(x).

Example 2 o Find the general solution of F'(x) =sec? x .

Solution o F(X)= j sec’x =tanx+C Derivative of tanx is sec?x .
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Table of Indefinite Integrals

jkdx=kx+C jkf(x)dx:kjf(x)dx

j [f(x)£9(x)] dx:_[ f(x) dxij g(x) dx

n+1

jx” dx=:1(+1+C, n=-1  Power Rule

_.'eX dx=¢e"+C

jsinxdx:—cosx+C jcosxdx:sinx+C
J'seczxdx:tanx+C jcsczxdx:—cotx+c
J‘secxtanxdx:secx+C J‘ cscxcotx dx =—cscx+C

Example 2 o Find the antiderivative of x> —3x+2.

Solution o I (x* =3x+2) dx:J' X3 dx—j 3x dx+.[ 2 dx

X3+l 1+1
=—-3.—+2x+C Power Rule
3+1 1+1
4 2
=X——3L+2X+C Answer
4 2
4 2
check: (-3 ovicy=tiae —2oxi2.140
dx 4 2 4 2
=x>-3x+2

Example 3 o Find the general indefinite integral

I (/X —secxtan x) dx.

Solution o I (/x —secxtan x) dx=j \/;dx—j sec x tan x dx

1

E+l 2 3
=)1( —secx+C =—=x2 —secx+C
—+1 3
2
3 3
3 24
Check: i(gx2 —secx+C)=g-§x2 —secxtanx+0
dx '3 32

1

= x2 —secxtanx = J/x —secxtanx
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1.

Exercises - Antiderivatives and Indefinite Integrals

Multiple Choice Questions

If%=3x2—1,and if y=—1 when x=1,then y=
X

(A) x°—x+1
(B) x*—x-1
(C) -3 +x-1

(D) —-x®+1

2.

Which of the following is the antiderivative of f(x)=tanx?

(A) secx+tanx+C

(B) cscx+cotx+C
(C) Infescx|+C

(D) —In|cosx|+C

A curve has a slope of —x+2 at each point (x,y) on the curve. Which of the following is an equation
for this curve if it passes through the point (2,1) ?
(A)1x2—2X—4
2
(B) 2x* +x -8
(C) —%xz +2x-1

(D) x*—2x+1
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4, [(xz—z)& dx =

— XX == XX +
(A) 2 , 2 c
5 3
2, 4
B) = x“VX—=x+Xx+C
()5 v 3
— XX ==X X +
© 2 4 4 C
7 3

(D) ;xg’\/;—%xz X+C

Free Response Questions

y=11(x

-15/ 0

5. The graph of f', the derivative of f , isthe line shown in the figure above. If f(3)=11, then f(-3)=
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4.2 Riemann Sum and Area Approximation

The area of a region S that lies under the curve y = f(x) from a to b can be approximated
by summing the areas of a collection of rectangles.

(2, F(c2))

y="F(x)

A A AX; AX,

Figure 4.1 The rectangles approximate the area between the graph of the function

y = f(x) and the x-axis.

Definition of Riemann Sum

Let f be acontinuous function defined on the closed interval [a, b] ,and let A be a partition
of [a,b] given by
A=Xy <X <Xy <+ <Xy <X, =D
where Ax; is the width of the i th interval. If ¢; is any point in the i th interval, then the sum
n
> F A = F(e)AX + F(Cy)AX, +-+-+ F(C)AX; +--+ F(C,)AX,
i=1
is called a Riemann sum for f on the interval [a,b].

If every subinterval is of equal width, the partition is regular and Ax = b-a .
n

Then the Riemann sum can be written

i fc)AX=Ax[ f(c)+ f(cy)+-+ f(c;)+-+ f(c,)]
i-1
where ¢, =a+i(AXx) .

Left, Right, and Midpoint Riemann Sum Approximation

n
If ¢; is the left endpoint of each subinterval then »_ f(c;)Ax; is called a left Riemann sum.
i=1

n
If ¢; is the right endpoint of each subinterval then z f(c;)Ax; is called a right Riemann sum.
i=1

n
If ¢; is the midpoint of each subinterval then Z f(c;)Ax; is called a midpoint Riemann sum.

i—
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Example 1 o Approximate the area of the region bounded by the graph of
f(X) =—x* + x+ 2, the x-axis, and the vertical lines x=0 and x =2,
(a) by using a left Riemann sum with four subintervals,
(b) by using a right Riemann sum with four subintervals, and

(c) by using a midpoint Riemann sum with four subintervals.
Solution o ()

y
(0.5 2.25()1,2)

For a left Riemann sum with

4 subintervals, we use the four
rectangles whose heights are the
values of f at the left endpoints
of their bases.

f(X)=—x*+x+2

The left endpoints of each subinterval are 0, 0.5, 1, and 1.5
and Ax:b__a:ﬂzll

n 4 2
The left Riemann sum is
4 1 1 1 1
2 fe)ax = f(0)-(5)+ f(0-5)-(5)+ f(1)~(5)+ f(1-5)~(§)

i=1
= %[2+ 2.25+2+1.25]=3.75
(b)

y
(0.5,2.25)
. 12)

For a right Riemann sum with

4 subintervals, we use the three
(1.51.25)  rectangles whose heights are the
values of f at the right endpoints
of their bases.

/

f(X)=—x2+x+2

The height of the 4th rectangle is 0.

The right endpoints of each subinterval are 0.5, 1, 1.5, and 2,
and Ax:b__a:ﬂ— 1 )
n 4 2

The right Riemann sum is

St = 105)- O+ 1S+ 1a5)- G+ 12 G)
<R T 2 2 2

= %[2.25+ 2+1.25+0]=2.75
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Example 2 O

Solution

(©)

(0.25,2.1875)

(0.75,2.1875)

(1.75,0.6875) of their bases.

The midpoints of each subinterval are 0.25, 0.75, 1.25, and 1.75,
and AX:b__a:ﬂzl_
n 4 2

The midpoint Riemann sum is

4 1 1 1 1
z f(c)AX = T(.25)-(2)+ f(.75)- (=) + f(1.25)- (=) + f(1.75)- (%)
i 2 2 2 2

= %[2.1875+ 2.1875+1.6875+ 0.6875] =3.375

N (1.25,1.6875) For a midpoint Riemann sum with
4 subintervals, we use the four

rectangles whose heights are the

values of f at the midpoints

X O |15 3 45| 6 [ 75| 9 |105| 12

f(x)| 1 | 145| 28 | 505| 82 |1225| 172 |2305| 298

O

The function f is continuous on the closed interval [0,12] and has

values as shown in the table above. Use a midpoint Riemann sum
with 4 subintervals of equal length to approximate the area that lies
under f and above the x-axis from x=0 to x=12.

The four intervals are [0,3], [3,6], [6,9], and [9,12].
1.5, 4.5, 7.5, and 10.5 are the midpoints of each interval.
Midpoint Riemann sum is

f(@.5)-3+ f(4.5)-3+ f(7.5)-3+ f(10.5)-3
=3-[1.45+5.05+12.25+ 23.05]

=125.4
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Exercises - Riemann Sums

Multiple Choice Questions

1. Using a left Riemann sum with three subintervals [0,1], [1,2], and [2,3], what is the approximation

of jj (B-x)(x+1) dx?

(A) 75 (B) 9 (C) 10 (D) 115

x 1135|810
f)| 7 (1216 23|17

2. The function f is continuous on the closed interval [1,10] and has values as shown in the table
above. Using a right Riemann sum with four subintervals [1,3], [3,5], [5,8], [8,10] what is the

approximation of Illo f(x)dx?

(A) 96 (B) 116 (C) 132 (D) 159

2 2 2
3. The expression 1L + 2 + 3 +
20(\ 20 20 20

1.2 ,
(A) Z_OIO X< dx

20 ). o
+ E is a Riemann sum apprOX|mat|0n for

1,1
(B) %IO x? dx
(C) Iol x2 dx

(D) jol X—lzdx
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4. Using a midpoint Riemann sum with three subintervals [0,1], [1,2], and [2,3], what is the
approximation of jj V1+x? dx?

(A) 5.613 (B) 6.213 (C) 6.812 (D) 7.195

101 [2 |3 /30 . . R
5. The expression —| ,|—+,/— +,/— +... +,/— | is a Riemann sum approximation for
30| V30 V30 V30 30

(A [ Vx dx
1 1
(B) %J.o Jx dx

1 30
(€) gfo Jx dx

©) [, %dx

.11 2 3 20| . . L
6. The expression —| —+—+—+...+— | isa Riemann sum approximation for
10{10 10 10 10

(A) joz 2 dx
(B) IOZ x dx

©) joz %dx

1,1
(D) E.[o X dx
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4.3 Definite Integral, Area Under a Curve, and Application

Definition of a Definite Integral

If f is a continuous function defined for a < x <b, then the definite integral of f from
atobis

b i n
ja f(x) dx:r!l_rﬂoéf(ci)Ax,
where ¢; =a+iAx and Ax=(b—-a)/n.

If y = f(x)is continuous and nonnegative over a closed interval [a,b] then the area
of the region bounded by the graph of f , the x-axis, and the vertical lines x =a and
X =b is given by
b
Area:ja f(x) dx.

If f(x) takes on both positive and negative values over a closed interval [a, b] , then

the area of the region bounded by the graph of f and the x-axis is obtained by adding
the absolute value of the definite integral over each subinterval where f(x) does not
change sign.

Y

The figure above shows how both the total area and the value of definite integral can be
interpreted in terms of areas between the graph of f(x) and the x-axis.

The definite integral of f(x) over [a,b] = J: f(x)dx=A—-A +A,.
The total area between the curve and the x-axis over [a,b] = J:| f (x)| dx=A+A+A.

Application of Definite Integral

If the population density of a region at a distance x from a straight road is D(x) , then
the total population of the region between x=a and x =b is given by

Total Population = [ * f (x)- D(x) dx .

If the population density of a circular region at a distance r from the center is D(r),
then the total population of the circular region between r =a and r =b is given by

Total Population = Zﬂj: r D(r) dr.
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Example 1 o The figure on the right shows the graph of
f(x)=x3—x*—6x.

(a) Find the definite integral of f(x) on [-2,3].
(b) Find the area between the graph of f(x)
and the x-axis on [-2,3].

. 3 . 3, ?
Solution O (a)J' (X* —=x°—6x) dx =| ———-3X
-2 4 3 >

_(ﬂ_z_y) (E §_12) 125
3 3 12

43 0
4 3 .

(b) Area:jf'2 ‘x3—x2—6x‘ dx = +

43 3
4 3 0

‘H 253

Example 2 o

T

11 miles

l

A rectangular region located beside a highway and between two straight roads 11 miles
apart are shown in the figure above. The population density of the region at a distance x

miles from the highway is given by D(x) = 15x/x —3x%, where 0< x <25
How many people live between 16 to 25 miles from the highway?

Population = J': f (x)- D(x)dx
- J‘1265 11(15%/x —3x?) dx f(x) =11 and D(x) =15x/x —3x?
= [ 11(15¢7 - 3¢2) dx

= 11{15(3)%"’2 - xﬂ L 11[6x5’ 2_ xﬂ 2
5

16 16

- 11[{6(25)5’2 ~(25)°}-{6(16)°" - (16)3}]
~11[3,125-2,048]
~11,847
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Exercises - Definite Integral and Area Under a Curve

Multiple Choice Questions

(A) 2 (B) 2.5 ©) 3 (D) 4

2. The area of the region in the first quadrant enclosed by the graph of f (x) = 4x—x® and the x-axis is

11 7 11
A 7 ® 3 (C) 4 ©) =

3. _[05 N25- %% dx =

257z 257 257
(A) T (B) T ©) T (D) 257

4. The population density of a circular region is given by f(r)=10—3/r people per square mile, where r

is the distance from the center of the city, in miles. Which of the following expressions gives the number
of people who live within a 3 mile radius from the center of the city?

(A) ;zjos r2(10—-3Vr) dr
(B) ;zj;’ (r +3)210-3r) dr
©) 2;;]03 (r +3)(10-3r) dr

(D) 245’ r(10—3vr) dr
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5. Which of the following limits is equal to Ilsx3 dx ?

I i3l
(A) r!'jlé(l“‘ﬁ) "
I i.32
(B) nlggoé(HH) "
I 2i31
© im S0 2y

. 2i52
(D) JL@;(J-JFF) "

6. Which of the following integrals is equal to lim Z( -1+ )2 3,
=% n

A) ji X2 dx
®) j_j X2 dx
©) ji (=1+x)? dx

(D) j‘i (—1+§)2 dx

7. The closed interval [a,b] is partitioned into n equal subintervals, each of width Ax, by the numbers

Xgy Xgseees Xy Where 0<a =Xy <¥ <---<X,4 <X, =b.Whatis lim

ind g o

1 1
RN

(©) 2(JB —a)
(D) vb—+/a
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11V (2Y nY
8. If n isa positive integer, then Iim—{(—j +(—] +---+(—j 1 can be expressed as
n>on|\n n n

(A)J‘:%dx (B)I; Xizdx (C).[;x2 dx (D) %J':)(Z dx

9. If n isa positive integer, then lim — {\f \er - / }can be expressed as
n—o N

A [ 2 Jx dx ®) [ Vx dx (C)J.;%dx (D)jj%d

River

(4—8—4
aeanaws

miles

3 mil

|

.=~ Highway

|‘7 8 miles —— =

=

10. The region shown in the figure above represents the boundary of a city that is bordered by a river and
a highway. The population density of the city at a distance of x miles from the river is modeled by

6 . . . .
D(x) = , where D(x) is measured in thousands of people per square mile. According to the
(X) NoPET (x) people per sq g

model, which of the following expressions gives the total population, in thousands of the city?

@ [ @XJ———)W

(B) [ (4xX

s

8 1 6
“”foﬁ“XUTEE

(D)j( X+3)(

) dx

\/_) dx



Integration 131

Free Response Questions

11. Let R be the region in the first quadrant bounded by the x-axis, the graph of x =ky?+1 (k >0), and
the linex =2.

(a) Write an integral expression for the area of the region R .
(b) If the area of the region R is 2, what is the value of k ?

(c) Show that for all k > 0, the line tangent to the graph of x = ky? +1 at the point (2,\/%) passes through

the origin.

(_31 2)

T T (_21’ 0) T O T (2’ ON) T T T

(_51 _2)

12. The graph of y = f(x) consists of four line segments and a semicircle as shown in the figure above.
Evaluate each definite integral by using geometric formulas.

Oflws ofLwe offwms O
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4.4 Properties of Definite Integral

Definition

a b a
jaf(x)dx=o jaf(x)dx=—jbf(x)dx
Constant Multiple

b b b
Iacdx:c(b—a) Iacf(x)dx:cjaf(x)dx
Sum and Difference

b b b
ja [f()£9(x)] o|x=ja f(x) dxija g(x) dx
Additivity

[ 700 ax+[ 700 dx=[ 1) dx

Integrals of Symmetric Functions
If f iseven f(-x)= f(x), then f‘af(x) o|x=2j;1 f(x) dx

If f isodd f(-x)=—f(x),then J:f(x) dx =0
Comparison Property

If £(x)20 for a<x<b, then [ f(x) dx=0

If £(x)>g(x) for a<x<b then [ £(x) dx> [ g(x) dx

If m<f(x)<M for a<x<b,then m(b—a)sf: f(x)dx<M(b-a)

Examplel o Suppose that j_; f(x)dx=5, .[_1 g(x) dx=-4,and _[_; f(x)dx=2.

Find (a) j‘; [2f(x)-3g()]dx  (b) jl“ foodx (o) j43 [9(x)+2] dx.

Soluion o (a) j‘; (2 (x)-3g(x)] dx:J:sz(x) dx—J.: 3g(x) dx

=2 [T k-3 [ g(x) dx=25-3-(-4)=22

(b) I_Z f(x) dx:j_; f(x) o|x+j14 £ (x) dx

- 5=2+j14f(x)dx - jl“f(x)dx=3

(©) Ii [9(x)+2] dx:j: g(x) dx+jf; 2dx =—4+2(4+3)=10
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Exercises - Properties of Definite Integral

Multiple Choice Questions

CIF 71 dx=2a-5b, then [ [f(x)~2 Jdx=

(A) -7b (B) -3b (C) 4a—7h (D) 4a-3b

6 15 4 4
. |fj1 f(x) dx==" and j6 f(x) dx=5, then jl f(x) dx =

5 9 19 25
A) 5 ® 3 © = ©) =

6 6 6
O If j_zf(x)dx=1o and j2 f(x) dx =3, then jz f(4—x) dx =

(A) 3 (B) 6 ©) 7 (D) 10

4. The graph of y = f(x) is shown in the figure above. If A and B are positive numbers that represent the

areas of the shaded regions, what is the value of j: f(x) dx—Zj _31 f(x) dx, intermsof A and B?

(A) ~A-B (B) A+B (C) A-2B (D) A-B
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Free Response Questions

5. Let f and g be a continuous function on the interval [1, 5]. Given Jf f(x) dx=-3, _[15 f(x)dx=7,

and jf g(x) dx =9, find the following definite integrals.

@ [ 100 ox () [, [f(x)+3] dx © [, 2000 dx

(d) j: 9(x) dx+j53 FoOdx () jj f(x+2) dx

6. Let f and g be continuous functions with the following properties.
(1) g(x) = f(X)—n where n is a constant.
@ [0 -], g0 dx=1
0 4
6
©) j4 f(x) dx=5n-1
(a) Find j: f(x) dx intermsof n.

(b) Find Ioe g(x) dx intermsof n.

(c) Find the value of k if joz f(2x) dx = kn .
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4.5 Trapezoidal Rule

given by

Let f be continuous on [a,b] . The trapezoidal rule for approximating '[: f(x) dx is

[P0 dx:%[f(xo)+2f(xl)+2f(xz)+ e+ 2F (Xg) + T (X))

b-a
where X, =a, X, =a+Ax, X, =a+2Ax, ..., %X, =a+(n-1)Ax, x, =b, and Ax=——.
n

3
Example 1 o Use the trapezoidal rule to approximate the integral .[1 V1+x? dx with

Solution ]

Example 2 o

Solution ]

four subintervals.

Ax—p-a_38-1 1
n 4 2
X =1, X, =1+05=15, x, =1+2(0.5) =2, x; =1+3(0.5)=2.5,

and x, =1+4(0.5)=3.

If V1+x? dx :%[f(1)+2f(1.5)++2f(2)++2f(2.5)+ f(3)]

=%[\/§ +2/3.25 + 24/5+ 24/7.25 +JE]
~4.509

f(x)| 5 711 81| 7

The function f is continuous on the closed interval [—1, 8] and has values that

are given in the table above. What is the trapezoidal approximation of j_sl f(x) dx?

Make a sketch and use the formula
for the area of trapezoid.

Area =%(5+7)(2) +%(7 +11)(3)

+%(11+8)(2)+%(8+7)(2)
—12427+19+15=73 5
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Exercises - Trapezoidal Rule

Multiple Choice Questions

1. If four equal subdivisions on [0, 2] are used, what is the trapezoidal approximation

of .[02 e* dx?

(A) [1+ 2JE+2e+2eJE+e2]

[1+2\/€+2e+2e\/€+e2]
[1+\/E+e+e e+e2]

1
4
1
(B) >
1
© 2

(D) %[1+\/g+e+e e+e2]

2. If three equal subdivisions on [%7[} are used, what is the trapezoidal approximation

of _[ " sinx dx?
/2

A) Zsin 2 +sin " +sin )
127 3 6

(B) l(sin£+5in2—”+5in5—”+5in )
12 3 6

© l(sin£+ 23in2—”+ 25in5—”+sin )
12 2 6

(D) Z(sin£+sin2—7r+sin5—7r+sin )
6 2 3 6
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3. If three equal subdivisions on [0, 6] are used, what is the trapezoidal approximation

of j: In(x+1) dx?

(A) %(In1+ IN9+In25+In7)

(B) %(In1+ln9+ IN25+1In7)

(C) In1+In3+In5+In7
(D) In1+In9+In25+In7

. . b . . .
4. If atrapezoidal sum underapproximates J'a f(x) dx, and a right Riemann sum overapproximates

I: f (x) dx , which of the following could be the graph of y = f(x)?

Ay B) 'y
| |
| |
| |
| | | |
| | X l | X
(6] a b O a b
©) .y D) .y
| |
| | | |
| | | |
o a b 0] a b
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X

3

519|12

f(x)

10

1“1z

5. Afunction f is continuous on the closed interval [1,12] and has values that are given in
the table above. Using subintervals [1,3], [3,5], [5,9], and [9,12], what is the trapezoidal

approximation of J'llz f(x)dx?

(A) 97 (B) 115

(C) 128

(D) 136

Free Response

6. Find a trapezoidal approximation of .[02 cos(x?) dx using four subdivisions of length Ax =0.5.

uestions

7. The graph of a differentiable function f on the closed interval [—2,8] is shown in the figure above.

Find a trapezoidal approximation of .[j f (x) dx using five subdivisions of length Ax=2.
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4.6 Fundamental Theorem of Calculus Part 1

on (a,b), so

If f iscontinuous on [a,b] then F(x) :I: f (t) dt is continuous on [a,b] and differentiable

F'(x)::—xj: f(t) dt = f(x).

I F(x)=[ " £(t) dt , then by the chain rule

, d pum du
F(x):d—xja f(t)dt:f(u)-d—x.

Example 1

Solution

Example 2

Solution

x 1
If F(x)= dt, then F'(x) =
=], e ()
d rx 1

F'(x)=—

) dx? 1 14+¢3
= 1 3 Fundamental Theorem of Calculus

1+X

If F(x):jl“1 Jt dt, then F'(x) =

, 3 d x4
F(x)_&jl Ji dt

=Vx® +1 -di(x2 +1) Fundamental Theorem of Calculus
X

=2xVx? +1
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Exercises - Fundamental Theorem of Calculus Part 1

Multiple Choice Questions

2
a4 e gt =
dx’1

(A) V3+x? (B) V3+x* (C) 2xv/3+x* (D) 243+ x?

Vs T sinx  dt oy
2. For _E<X<E’If F(x):J'0 ﬁ,then F'(x) =
sin x COS X
(A) ﬁ (B) ﬁ ©) 1 (D) cscx
x 2 .
3. If F(x):j0 cos(t?) dt , then F'(4) =
(A) cos?2 (B) cosd (©) % (D) v2cos4

4. Let f be the function given by f(x)= j: cos(t® +2) dt for 0< x <z . On which of the following

intervalsis f increasing?

(A) 0<x<

NN

(B) 0<x<1.647
(C) 1.647 < x <2.419

V4
D) —<x<rx
()2
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graph of g

5. The graph of the function g, shown in the figure above, has horizontal tangentsat x=4 and x=8.

If f(x)= j f g(t) dt , what is the value of f'(4)?

1 3 3
(A) O (B) 3 ©) " (D) )
6. If F(x):jgz —“22:3 dt, then F"(1) =
3 8
(A) -1 B)0 ©) 1 (D) 5 (B) c

Free Response Questions

/

-2

graph of f

7. The graph of a function f , whose domain is the closed interval [—3, 5] , is shown above. Let g be

the function given by g(x) :J'f:_l f(t) dt.
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(a) Find the domain of g .
(b) Find g'(3) .

(c) At what value of x is g(x) a maximum? Justify your answer.

(6,3)

4 (2,-3)

graph of f

8. The graph of f , consisting of four line segments, is shown in the figure above. Let g be the function

given by g(x) =.ff2 f(t) dt.

(@) Find g'(0) .

(b) Find the x-coordinate for each point of inflection of the graph of g on the interval -2 < x<8.
(c) Find the average rate of change of g on the interval 2<x<8.

(d) For how many values of ¢, where 2<c <8, is g'(c) equal to the average rate found in part (c)?
Explain your reasoning.
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4.7 Fundamental Theorem of Calculus Part 2

If f iscontinuouson [a,b] and F is an antiderivative of f on [a,b], then

j: f(x) dx = F(b)—F (a) .

Examplel o _[X/z cost dt =

X

Solution o Ix/z costdt:[sint]”/z

. . T .
:{sm x—smz} =sinx-1

Example 2 o The graph of the function f shown below consists of four line segments. If g is

the function defined by g(x) = .[_z f (t) dt, find the value of g(6), g'(6), and g"(6).

y
X
o
Graph of f
Soluion o g(6)= jﬁj f(t) dt Substitute 6 for x.
6
_ 1(2)(4) _3(2)(2) +£(2)(4) J‘74 f (t) dt = sum of the area above
2 2 2 the x-axis minus sum of the area below
+(3)(4) +%(2 +4)-1 the x-axis, between x = -4 and x = 6.
=21
g'(x)=f(x) Fundamental Theorem of Calculus
g'(6)="f(6)=2 Substitute 6 for x, and f(6)=2.

g"(6)=f'(6)=-2 Slope of f at x=6 is -2.
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Exercises - Fundamental Theorem of Calculus Part 2

Multiple Choice Questions

1. If f isthe antiderivative of such that f(1)=2,then f(3)=

+x°

(A) 1.845 (B) 2.397 (C) 2.906 (D) 3.234

2. If f'(x)=cos(x?-1) and f(-1)=1.5,then f(5)=

(A) 1.554 (B) 2.841 (C) 3.024 (D) 3.456

3. If f(x)=+x*-3x+4 and g is the antiderivative of f , suchthat g(3)=7, then g(0) =

(A) —2.966 (B) -1.472 (C) -0.745 (D) 1.086

4. If f isacontinuous functionand F'(x) = f(x) for all real numbers x, then I:O f(%x) dx =

® J[F&)-FO)]

®) 2[Fe0)-F ()]

©) 2[FB)-FO]

(D) 2[F(10)-F(2)]



Integration 145

Free Response Questions

area

|

|

|

|

|

|

i

o 8
. area
area =10

5. The figure above shows the graph of f’, the derivative of a differentiable function f , on the closed
interval 0 < x<8. The areas of the regions between the graph of f' and the x-axis are labeled in the
figure. Given f(6) =9, find each of the following.

@ f(0) (b) f(@) © @ (d) f(®

(_3| 0A)

(-1-2)

graph of f'

6. Let f be afunction defined on the closed interval [-3,7] with f(2) =3. The graph of f’
consists of three line segments and a semicircle, as shown above.

(@) Find f(=3) and (7).
(b) Find an equation for the line tangent to the graph of f at (2,3).
(c) On what interval is f increasing? Justify your answer.

(d) On what interval is f concave up? Justify your answer.
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graph of f

7. Let g be the function given by g(x) = I,Z f (t) dt. The graph of the function f , shown above,

consists of five line segments.

(@) Find g(0), ¢g'(0) and g"(0) .
(b) For what values of x, in the open interval (-2,9), is the graph of g concave up?

(c) For what values of x, in the open interval (-2,9), is g increasing?

y (3,4) (11,4)

(0.-2) (6.-2) (8-2) (14,-2)
graph of f

8. The graph above shows two periods of f . The function f is defined for all real numbers x and is

periodic with a period of 8. Let h be the function given by h(x) = j()x f(t) dt.
(@) Find h(8), h'(6), and h"(4) .

(b) Find the values of x at which h has its minimum and maximum on the closed interval [0,8].
Justify your answer.

(c) Write an equation for the line tangent to the graph of h at x=35.
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4.8 Integration by Substitution

The Substitution Rule
If u=g(x) isadifferentiable function whose range is an interval |1 and f is continuous

on |, then

[ F(900)g'(x) dx = [ f(u) du

Evaluating the integral I f(g(x))g'(x) dx,when f and g’ are continuous functions

1. Substitute u=g(x) and du = g'(x) dx to obtain the integral I f(u) du.
2. Integrate with respectto u .
3. Replace u by g(x) in the result.

The Substitution Rule for Definite Integrals

If g is continuous on [a, b] and f is continuous on the range of u = g(x), then

[ @00 g0 ax=[ % f(w du

Example 1 o Find j cos(50-3) d@.

Solution o _[ cos(50 - 3) d¢9=I cosu%du Let u=50-3, du=5d@, édu =do.
1
= gJ‘ cosu du The integral is now in standard form.
1. .
= gsm u+C Integrate with respect to u.
1.
=gsm(59—3) +C Replace u by 560 -3.
X
Example 2 o Evaluate j dx.
1—x?
Solution O .[ X dx =I Y2 du Let u=1-x?, du=-2xdx, —idu:xdx.
%2 Ju 2
=—lj u¥? du In the form j u" du
2
= %(2&) +C Integrate with respect to u.
=—Ju+C

=1-x*+C Replace u with 1—x2.
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Example 3 ©

Solution

O

Evaluate _[O”/Z ﬂ dx.

v1+3sinx

We have two choices.

Method 1: Transform the integral and evaluate the integral with the
transformed limits.

I”/Z _ 308X 4y Let u=1+3sinx, du=3cosx dx.
0 J1+3sinx When x=0, u=1+3sin0=1.
When x=7/2,

[ K

=

4

= [ZUJ/ ZJ . Evaluate the new integral.
= 2[4 1]
=2[2-1]=2

Method 2: Transform the integral to an indefinite integral, integrate, change
back to x, and use the original x-limits.

3cos X du
I —.dx:j — Let u=1+3sinx, du=3cosx dx.
A1+ 3sin x Ju
1
=2u?2+C Integrate with respect to u.
1
=2(1+3sinx)2 +C Replace u with 1+ 3sinx.
.[ 7/2 3C0SX dx
0 J1+3sinx
i ) 1 72 Use the integral found, with limits
= 2| (1+3sinx)? of integration for x.
L 0

B 1 1
=2 a+3mn%)2—a+3gnoyl
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Exercises - Integration by Substitution

Multiple Choice Questions

1. j Ixsin(x¥?) dx =

(A) %cos(x3/2)+C
2 32
(B) 5\/; cos(x’“)+C
2 35 32
© _EX cos(x’)+C

(D) —%cos(x?’/z) +C

2. If the substitution u=2-x is made, jf XvV2—-X dx =

(A) ji uvu du
(®) —jf uv/u du
©) jf 2-u)Wu du

(D) ji (U-2)Vu du

+

3. |If J'j f(x+k) dx =8, where k is a constant, then J'kk 13 f(x)dx=

(A) 8-k (B) 8+k ©) 8 (D) k-8
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4. 1F [ 7 () dx=12, what is the value of [ f(6-x) dx?

(A) 12 (B) 6 () 0 (D) -6

32
5. If the substitution u=1++/x is made, J' % dx =
X

(A) %j u¥? du (B) 2j u¥? du (€) %j Ju du (D) 2j Ju du

6. Using the substitution u=sec@, I”/4 md9 is equivalent to

0 secd

V2 du

N A

(€) jf Ju du

(D) jlﬁ uvu du
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2 1_ 2
7. If the substitution u =Inx is made, j: M dx =
X

@ [0 G-v)d
®) | :2 (%—u) du

©) jf (1-u?) du

D) jf (1-u) du

Free Response Questions

8. If f is continuous and jf f(x) dx =15, find the value of If x? £ (x%) dx.
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4.9 Integration of Exponential and Logarithmic Function

Definition of the Natural Logarithmic Function

The natural logarithmic function is defined by

Inx=J.lX %dt, x>0

If u is a differentiable function such that u =0,
J' 1 du =Inju[+C.
u

Whether u is positive or negative, the integral of (1/u) du is

Integration of Exponential Function

jeu du=e"+C

In|u|+C.

2
Example 1 o Evaluate Ile XT+3 dx.
X
2 2 2
. e X°+3 e X° 3 e e 3 X
Solution O Il 2 dx_J.1 (7+;)dx_J'1 xdx+J.1 ;dx—{?}
2 2 2
I +3[Ine—|n1]=e——l+3=e—+E
2 2 2 2 2 2
Example 2 o Evaluate I:M (e®"* +2)sec? x dx.
Solution O Ioﬂ/4 (e®"* +2)sec? x dx

= [, €*+2)du
:[e” +2u}z

:[(e1+2)—(e°+0)]:e+1

2 2
Example 3 o Evaluate I: de.
X

2 2
. '[e (Inx) dx
e X

=jf u? du

{%uﬂz =%[23—13]=%

1

Solution

e
+[3Inx]i
1

Let u=tanx, du=sec® x dx.
When x=0, u=tan0=0.
When x=7z/4, u=tanz/4=1.

Let u=Inx, du=dx/x.
When x=¢e, u=Ine=1.
When x=¢e?,u=Ine?=2.
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Exercises - Integration of Exponential and Logarithmic Functions
Multiple Choice Questions
I 3 ;(;3 dx =
L x® +6x
A) Ing ®B) In27-In7 ©) In3 (D) IN20—1In5
2 2 2
10X
2 IO o dx =
1 1 1 1 1
(A) e-1 (B) 1--) € -1-9) (D) -1-=)
e 2 e 2 e
3. | 2 cosx e dx =
0
(A) —e (B) 1-e ©) % (D) e-1

COS X
2+sinx

and the

4. What is the area of the region in the first quadrant bounded by the curve y =

. . T
vertical line x = E?

1 3 In3
(A) In> ®) In> (€) In3 ©) >



154 Chapter 4

5. Let F(x) be an antiderivetive of In(sin®x)+3. If F(1)=2, then F(3) =

(A) 6.595 (B) 7.635 (C) 10.036 (D) 12.446
2 X2
6 J‘O m dX=
(A) In3 (B) In3+2 (C) In6 (D) In6+4

e cos(Inx)
7 [y o

(A) .i (B) L (C) sin(e) (D) sinl
sinl cosl

Free Response Questions

8. The sales of a new product, after it has been on the market for t years, is given by S(t) = ceklt,

(a) Find C and k if 7000 units have been sold after one year and lim S(t) = 45,000.
t—o0

(b) Find the total number of units sold during the year t =5 and t =10.



Chapter 5
Applications of Integration

5.1 Area of a Region Between Two Curves

Area of a Region Between Two Curves

If f and g are continuous on [a,b] and g(x) < f(x) forall x on [a,b], then
the area of the region bounded by the graphs of f and g and the vertical lines
x=a and x=b is

A=j: [£(x)-g(x)] dx.

In general, to determine the area between two curves, we can use

A= jxxz [(top curve) — (bottom curve)] dx,
if the curves are defined by functions of x, and
A= jyyz [(right curve) — (left curve)] dy ,

if the curves are defined by functions of y .

Example 1 o Find the area of the region in the first quadrant enclosed
by the graphs of f(x) =2cosx, g(x)=x and the y-axis.

Solution o Use a graphing calculator to find the
point of intersection and sketch the
two curves. The point of intersection

in the first quadrant is (1.03,1.03).

f(x) =2cosx

The area between the curves is

A={] [109-g(0]dx / /‘O \

X

=_[:'03 [2cos x—x] dx The limits of integration are a=0 and b=1.03.
57103
:{ZSin x—X—}
2 ],
2
=(2sin1.03—1'g3 )—(25in0—0)

=1.184
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Exercises - Area of a Region Between Two Curves

Multiple Choice Questions

1. What is the area of the region enclosed by the graphs of f(x)=x+2 and g(x) = x> —4x*>+6?

193 218 253 305
A) — B) —— C) — D) —
A) 7 ® 3 © 35 ©) 45

2. What is the area of the region in the first quadrant, bounded by the curve y = 3/x and y=x?

1 1 1 1
A 2 ® 3 © 3 © 7

3. Thecurve y= f(x) and the line y =-3, shown in the figure above, intersect at the points (0,-3),
(a,=3),and (b,-3). The sum of area of the shaded region enclosed by the curve and the line is
given by

A [ [3-100)dx+ [ [-3+ (0] dx
B) [ [-3+ (0] dx+[  [3- ()] d
© [ [1e0+3]de+ [ [-3- ()] dx

©) [ 5 [f(x)-3] dx+ [ [3-F(x)] dx
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y:g(X) ‘ y:b

4. Which of the following is the area of the shaded region in the figure above?

@ [, (909~ f (0] de
(B) joa [b+g(x)— f(x)] dx
(C) j;‘ [b—g(x) - f(x)] dx

) [, [b-g(x)+ f ()] dx

Free Response Questions

. Le-1

L—» X
- (0]

5. The figure above shows the graph of y =e* —1 and the line ¢ tangent to the graph at (1,e—1).

(a) Find the area of the triangular region T , which is bounded by the line x =1, x-axisand ¢.

(b) Find the area of region R, which is bounded by the graph of y =e* -1, x-axisand ¢.
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5.2 Volumes by Disk and Washers

The solid generated by rotating a plane region about an axis is called a solid of revolution.

The simplest such solid is a right circular cylinder or disk.

Volume of disk = (base area of disk)(width of disk)
AV = A(x) AX.

So the definition of volume givesus V = j; A(X) dx.

Base area of
disk = 7R?

Axis of
revolution

The Disk Method

Horizontal Axis of Revolution Vertical Axis of Revolution
b 2 d 2
v _;;ja[R(x)] dx v _;rjc [R(Y)]* dy
y=d
Ay
y=c¢
X=a x=b ——R(y)
Horizontal axis of revolution Vertical axis of revolution
The Washer Method
Horizontal Axis of Revolution Vertical Axis of Revolution
b 2 2 d 2 2
V=z[ (ROOT ~[r()]") dx V=z[ (RO -[rn])dy

X=a Xx=hb

Horizontal axis of revolution Vertical axis of revolution
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Examplel ©

Solution ]

Example 2 ©

Solution ]

Find the volume of the solid generated by revolving the region
bounded by the graphs of y = Jx, x=1,and x=4 about the
X-axis.

Sketch the graphs.
The volume is

v :ﬂj:[R(x)]zdx
= ﬁjf[ﬁ]zdx = ﬂj'fx dx

2 4
:,{X_} e
1

Find the volume of the solid formed by revolving the region
bounded by the graphs of y=x¥3, y=x?,

(a) about the x-axis  (b) about the y-axis.

Sketch the graphs.
(a) The region runs from x=0 to x=1.

The volume is

V=r’ ([R(x)]2 —[r)T?) dx
—afE (] [T ox

(Y ,ys 4
—ﬁjo (x7° =x") dx

1
=7{§x5/3—1x5}
55 5 |,

y=R(x) = XJM

2
5

(b) The region runs from y=0 to y=1.
2
V=r[" (RO -[r)]) dy
2
<[, (W] [

1
=z (y-y®) dx
I ENRE N
"{zy 7VL

_5r
14
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Exercises - Volumes by Disk and Washers

Multiple Choice Questions

1. The region in the first quadrant bounded by the graph of y=secx, x= % and the coordinate axes is

rotated about the x-axis. What is the volume of the solid generated?

(A) % (B) % (C) V3r (D) 37

2. The region enclosed by the graphs of y = e/ and y=(x-1)2 fromx =0 to x =1 is rotated about
the x-axis. What is the volume of the solid generated?

) =x (B) 2(e-1)x ©) (e—g)n (D) (e—g)zz

3. Let R be the region between the graphs of y =1+sin(zx) and y = x> from x=0 to x =1. The volume
of the solid obtained by revolving R about the x-axis is given by

(A) ;;jol [1+sin(zx) ~x* ] dx
(B) ﬂjol [(1+sin(;rx))2 —xﬁ] dx
2

(©) ﬁjol [l+sin(;rx)—x3] dx

(D) Zﬂj: [1+sin(7zx)—x3J dx
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4. Theregion R isenclosed by the graph of y =+/x+1, the line y =x—-1, and the y-axis. The volume of
the solid generated when is R rotated about the line y =2 is

(A) %ﬂ (B) %ﬂ © 4—6972 (D) 9«

5. Theregion R isenclosed by the graph of y =3x—x? and the line y = x. If the region R is rotated about
the line y = -1, the volume of the solid that is generated is represented by which of the following integrals?

6. Theregion R isenclosed by the graph of y = x+E and the line y = 4. The volume of the solid
X

generated when is R rotated about the x-axis is

(A) ?ﬂ' (B) 4x (C) 67 (D) 157”

7. The volume of the solid generated by revolving the region enclosed by the ellipse x? +9y? =36
about the x-axis is

(A) 14r (B) 167 (C) 24r (D) 32z
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8. The volume of the solid generated by revolving the region bounded by the graphs of y = Jx, y=2,
and y-axis about the y-axis is

A %n (B) %n ©) %n (D) %n

Free Response Questions

y="f(x)

9. Let f be the function given by f(x)=x®—-2x*>—x+cosx.Let R be the shaded region bounded by
the graph of f and the line 7, which is the line tangent to the graph of f at x =0, as shown above.

(a) Find the equation of the line ¢ .

(b) Find the area of R.

(c) Set up, but do not evaluate, an integral expression for the volume of the solid generated when R is
revolved about the line y=2.
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10. Let R be the region between the graphs of y=¢*, y=2and x=-1.
(@) Find the area of R .
(b) Find the volume of the solid generated when R is revolved about the line x=-1.

(c) Find the volume of the solid generated when R is revolved about the line y=-1.

y 3x
f(x)=
9 X2 +1

3x
X2 +1
the x-axis, and the vertical line x =k , where k >0.

11.Let f be the function given by f(x)= Let R be the region bounded by the graph of f ,

(a) Find the volume of the solid generated when R is revolved about the x-axis in terms of k .

(b) Let S be the unbounded region in the first quadrant to the right of the vertical line x =k
and below the graph of f , as shown in the figure above. Find the value of k such that the

volume of the solid generated when S is revolved about the x-axis is equal to the volume
of the solid found in part (a).
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5.3 Volumes of Solids with Known Cross Sections

The volume of a solid of known cross-sectional area A(x) from x =a tox =D is the integral
of Afromatob.

1. For cross sections of area A(x) taken perpendicular to the x-axis, the volume is

V= [ A(x) dx.

2. For cross sections of area A(y) taken perpendicular to the y-axis, the volume is

v=[ AW dy.

Example 1 o The base of a solid is the region in the first quadrant enclosed by
the graph of y = —x?+2x and the x-axis. If every cross section of

the solid perpendicular to the x-axis is an equilateral triangle, what
is the volume of the solid?

Solution o Sketch the typical cross section.

Each cross section is
an equilateral triangle
of side length y.

The area of each cross section is

1 . 1, B . B,
A(x) == (base)(height) = = (Y)(—y) =—
(x) = (base)(height) =~ (y)(=-y) ==~y
=§(—x2 +2x)? Substitute —x* +2x for y.
=§(x4—4x3+4x2) FOIL

The equilateral triangles lie on the plane from x=0 to x=2.
The volume is
V3

b 2
Y% =J'a A(x) dx :IO T(x4 —4x3 +4x%) dx

\/g{xs 4 43}2:ﬁ

4 15

5 3
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Exercises - Volumes of Solids with Known Cross Sections

Multiple Choice Questions

1. The base of a solid is the region enclosed by the graph of y =e*, the coordinate axes, and the line x=1.
If the cross sections of the solid perpendicular to the x-axis are squares, what is the volume of the solid?

e’ e’ -1 e’ +1
A ®) — © —

2 1
(D) e -

2. The base of a solid is the region enclosed by the graph of y =+/x , the x-axis, and the line x = 2. If each
cross section perpendicular to the x-axis is an equilateral triangle , what is the volume of the solid?

(A)

N 5 NE NE
8

3 3 3
(B) 3 (©) = (D) -

3. The base of a solid is the region in the first quadrant bounded by the coordinate axes, and the line
2x+3y =6 . If the cross sections of the solid perpendicular to the x-axis are semicircles, what is the

volume of the solid?

T 3z 3z
(A) > (B) 7 ©) (D) >

4. The base of asolid S is the semicircular region enclosed by the graph of y =+/9—x? and the x-axis.
If the cross sections of S perpendicular to the x-axis are semicircles, what is the volume of the solid?

207 V4 1
(A) = (B) 67 © - (D) -
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5. The base of a solid is the region bounded by the graph of y = Jx , the x-axis and the line x =4. If the
cross sections of the solid perpendicular to the y-axis are squares, the volume of the solid is given by

A [ @-y")? dy
B) [ (4-y)? dy
© [ [@-9?] o

©) [ [@-v?]" dy

y = COS X

fo \

6. The base of a solid is the region in the first quadrant bounded by the y-axis and the graphs of y = cos x

and y =sinx, as shown in the figure above. If the cross sections of the solid perpendicular to the x-axis
are squares, what is the volume of the solid?

T—2 T+2
(D)

(A) 7-1 (B) 7 +1 © = ;

7. Let R be the region enclosed by the graph of y = 3J/x —x and the x-axis. The region R models the
surface of a small pond. At all points in R at a distance x from the y-axis, the depth of the water is

given by g(x) = % What is the volume of the water in the pond?

(A) 243 (B) 6 (C) 443 (D) 9
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Free Response Questions

f (x) =sinx

g(x) =-sinx

8. Let f(x)=sinx and g(x)=-sinx for 0<x< 7z .Thegraphsof f and g are shown in the
figure above.

(a) Find the area of the shaded region enclosed by the graphs of f and g.

(b) Find the volume of the solid generated when the shaded region enclosed by the graphs
of f and g isrevolved about the horizontal line y =3.

(c) Let h be the function given by h(x) =ksinx for 0 <x <. For each k >0, the region
(not shown) enclosed by the graphs of h and g is the base of a solid with square cross
sections perpendicular to the x-axis. If the volume of the solid is equal to 87 , what is the value of k ?

X

(meters) | O 2 | 4 6 8 | 10 | 12

D) | 17 | 15 | 146 | 142| 15 | 138 | 1.21

(meters)

9. A 12 meter long tree trunk with circular cross sections of varying diameter is represented in the
table above. The distance, x, of the tree trunk is measured from the ground and D(x) represents

the diameter at that point.

(a) Write an integral expression in terms of D(x) that represents the volume of the tree trunk
between x=0 and x=12.

(b) Approximate the volume of the tree trunk between x =0 and x =12 using the data from
the table and a midpoint Riemann sum with three subintervals of equal length.

(c) Explain why there must be a value x for 0 < x <12 such that D'(x)=07?
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% f(x) = x> —6x% +8x

+ g(x):—%x2+2x

10.Let R and S be the region bounded by the graphs of f(x)=x*—-6x*+8x and g(x) = —%xz +2X as

shown in the figure above.
(a) Write, but do not evaluate, an integral expression that can be used to find the area of R .
(b) Write, but do not evaluate, an integral expression that can be used to find the area of S .

(c) The region R is the base of a solid. At all points in R at a distance x from the y- axis, the height of

the solid is given by g(x) =4e™*. Find the volume of this solid.

(d) The region S models the surface of a small pond. At all pointsin S at a distance x from the y- axis,
the depth of the water is given by h(x) = 4—+/x . Find the volume of water in the pond.
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5.4 The Total Change Theorem (Application of FTC)

The total change (accumulated change) in a quantity over a time period is the integral of
the rate of change of the quantity.

Total Change = j: F'(x) dx =F(b)-F(a)

This principle can be applied to all of the rates of change in natural and social sciences.
The following are a few examples of these idea:

1. If F'(t) isthe rate of growth of a population at time t, then
[F®d=Fb)-F@

is the increase in population between times t=a and t=b.

2. If F'(t) is the rate of decomposition of a certain chemical, then
[ F®d=Fb)-F@)

is the total amount that has decomposed between times t=a and t=b.

3. If F'(t) isthe rate of consumption of a certain product, then
[7F®d=Fb)-F@)

is the total amount that has been consumed between times t=a and t=b.

4. If F'(t) is the rate of change of temperature in a room, then
[F®d=Fb)-F@

is the total change in temperature between times t=a and t=D.

Examplel o For 0<t <60, the rate of change of the number of mosquitoes at time t days is
modeled by f(t) = Gﬁsin(é) mosquitoes per day. There are 1200 mosquitoes at
time t=0.

(a) At time t = 20, is the number of mosquitoes increasing or decreasing?
(b) According to the model, how many mosquitoes will be there at time t =60.

(c) To the nearest whole number, what is the maximum number of mosquitoes for
0<t<60?

Solution o (a) Since f(20)= G@Sin(%) =-5.113< 0, the number of mosquitoes is

decreasing at t = 20.
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(b) The number of mosquitoes at time t =60 is
b
1200 +J'a f(t) dt Initially there were 1200 mosquitoes.
60 .t 60 .t . .
:1200+J‘0 6t SIn(E) dt _[0 6t sm(g) dt represents the increase in
mosquitoe population between times t=0 and t =60 .
=1200+ 282.272 =1482.272 Use a graphing calculator to find the value of
60 .t
_[0 6t sm(g) dt .
(c) f(t)=0 whent=0,t=6x, t=127, t=18x
+ - + -
R(t) + i | :
0 67 127 187z
The absolute maximum number of mosquitoes occurs at t =6z or t =187 .
1200+ ;” 6t sin(%) dt =1200+ 214.751=1414.751
87

1200+ I; 6t sin(%) dt =1200+326.710 =1526.710

There are 1415 mosquitoes at t =67 and 1527 mosquitoes at t =187 ,

so the maximum number of mosquitoes is 1527 to the nearest whole number.

Example 2 o Water leaks from a tank at a rate r)

of r(t) gallons per hour. The graph 803
of r, for the time interval 0 <t <10 60
hours, is shown at the right. Use the g N
midpoint Riemann sum with five 8 40 \\\

intervals of equal length to estimate N
the total amount of water leaked out
during the first 10 hours.

20

Solution o The five intervals are [0,2], [2,4], [4,6], [6,8], and [8,10].

75, 70, 60, 45, and 25 are the heights at each midpoint.

Total amount of water leaked out during the first 10 hours is

75-2+70-2+60-2+45-2+25-2
=550 gallons.
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Exercises - The Total Change Theorem (Application of FTC)

Multiple Choice Questions

(-0.1t)

1. Oil is pumped out from a tank at the rate of 16—4 gallons per minute, where t is measured in
+e

minutes. To the nearest gallon, how many gallons of oil are pumped out from a tank during the time
interval 0<t<6?

(A) 62 (B) 78 (C) 85 (D) 93
. . 50e 2
2. Pollutant is released into a lake at the rate of ﬁ gallons per hour. To the nearest gallon, how
+

many gallons of pollutant are released during the time interval 0 <t <12?

(A) 53 (B) 58 (C) 66 (D) 75

3. Oil is pumped into an oil tank at the rate of S(t) gallons per hour during the time interval
0 <t <8 hours. During the same time interval, oil is removed from the tank at the rate
of R(t) gallons per hour. If the oil tank contained 200 gallons of oil at time t =0, which
of the following expressions shows the amount of oil in the tank at time t =6 hours?

(A) 200+ S(6)—R(6)
(B) 200+ S'(6)—R'(6)

(C) 200+ j:(S(t)— R(t) dt

(D) 200+ I;(S’(t)— R'(t)) dt
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4. The rate at which people enter a supermarket, measured in people per hour on a given day, is modeled

720

t? — 28t + 205
many people entered the supermarket from time t =6 to t =22?

by the function S defined by S(t) = , for 6 <t <22. To the nearest whole number, how

(A) 426 (B) 475 (C) 524 (D) 582

The height of the water in a cylindrical storage tank is modeled by a differential function h(t),

where h is measured in meters and t is measured in hours. Attime t =0 the height of the
water in the tank is 8 meters. During the time interval 0 <t <20 hours, the height is changing

at the rate h'(t) =0.01t*> —0.3t? + 2.2t —1.5 meters per hour. What is the maximum height of the
water in meters during the time period 0 <t <207?

(A) 28.156 (B) 30.108 (C) 32.654 (D) 33.975

6.

Free Response Questions

Water is pumped into a tank at a constant rate of 8 gallons per minute. Water leaks out of the tank
at the rate of %tz/s gallons per minute, for 0 <t <90 minutes. At time t =0, the tank contains 50

gallons of water.

(a) How many gallons of water leak out of the tank from time t =0 to t =10 minutes?

(b) How many gallons of water are in the tank at time t =10 minutes?

(c) Write an expression for f (t), the total number of gallons of water in the tank at time t .

(d) At what time t, for 0 <t <90, is the amount of water in the tank a maximum?
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7. The rate at which the amount of granules of plastic at a toy factory is changing during a workday
2
is modeled by P(t) =5- 2&—4sin(;(—2) tons per hour, where 0 <t <8. At the beginning of the

workday (t =0), the factory has 6 tons of granules of plastic.

(a) Find P’(3) . Using correct unit, interpret your answer in the context of the problem.

(b) At what time during the 8 hours was the amount of granules of plastic decreasing
most rapidly?

(c) What was the maximum amount of granules of plastic at the factory during the 8 working
hours?
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5.5 Motion of a Particle, Distance, and Displacement

If a particle moves along a straight line with position function s(t), then its velocity
is v(t)=s'(t), so
s(b)-s(a) = [ v(t)

is the change of the position, or displacement, of the particle during the time period from
t=atot=h.

The average velocity and the average acceleration over the time interval from t =a to
t=bis

Average velocity = dwpk.icement _Ss®)=s@) _ 1 j ’ v(t) dt
time b-a b-a ‘a2
Average acceleration = v(b)-v(a) 1 I ° a(t) dt.
b-a b—a ’a

To find the total distance traveled we have to consider when the particle moves to
the right, v(t) >0, and when the particle moves to the left, v(t) <0.

In both cases, the distance is computed by integrating |v(t)| , the speed of the particle.
Therefore
Total distance traveled = j; v(t)| dt

distance traveled 1
time b-a

Average speed =

[ b Iv(t)| dt .

The acceleration of the object is a(t) =v'(t) , so
v(b)-v(@) = a(t) dt
is the change in velocity from t=a to t=b. v(t)

The figure at the right shows how both
displacement and distance traveled can
be interpreted in terms of areas under a
velocity curve.

displacement

b
=], vy dt=A,-A,+A,
total distance traveled

=j: V@) dt= AL+ A, +A,

Example 1 o A particle moves along the x-axis so that its velocity at any time t>0
is given by v(t) =t? —3t—4.
(@) In which direction (left or right) is the particle moving at time t =57
(b) Find the acceleration of the particle at time t =5.

(c) Given that x(t) is the position of the particle at time t and that
x(0) =12, find x(3).
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(d) Find the total distance traveled by the particle from t=0 to t =6.
(e) Find the average speed of the particle from t=0 to t =6.

(f) For what values of t, 0 <t <6, is the particle’s instantaneous velocity
the same as its average velocity on the closed interval [0, 6] ?

Solution o (a) v(5)=(5)>—3(5)-4>0
Since v(5) > 0, particle is moving to the right.

(b) a(t)=Vv'(t)=2t-3 So a(5)=2(5)-3=7.

© x(3)—x(0):j§ v(t) olt:jo3 (t2 —3t—4) dt

3
=Ft3—§t2—4t} =-16.5
3 2 0

x(3) = x(0)-16.5=12-16.5=-4.5

(d) Total distance traveled :J': V()| dt = J': ‘tz —3t—4‘ dt

[t 6 2 56 38 94
=—[ @ -3t-4)dt+[ —3t-4)dt="ten s

distance traveled _ 94/3 47
time 6 9

(e) Average speed =

displacement _ x(6) — x(0)

(f) Average velocity =

time 6-0
6 2
:jo (t? —3t—4) dt:__6:_1
6 6
2 _3t—4=-1 = t?-3t-3=0 Since t>0, t= 3*;@.
Example 2 o
a(t)
(ft/sec?)
20 (5,20)
(35,10)
f f f f /: t (seconds)
0 5 10 15 20 25 30 35
—207T (15,-20) (20,-20)

A car is traveling on a straight road with velocity 80 ft/sec at time
t=0.For 0<t<35 seconds, the cars acceleration a(t), in ft/sec?,
is the piecewise linear function defined by the graph above.
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Solution

[}

(@) Find a(15) and v(15).

(b) At what time, other than t =0, on the interval 0 <t <35, is the velocity
of the car 80 ft /sec ?

(c) On the time interval 0 <t <35, what is the car’s absolute maximum
velocity, in ft/sec, and at what time does it occur?

(d) On the time interval 0 <t <35, what is the car’s absolute minimum
velocity, in ft/sec, and at what time does it occur?

(@) a(5)=-20
15
v(15) = v(0) + jo a(t) dt
=v(0)+ 010 a(t) dt + [ 1105 a(t) dt
- 80+%(10 +5). 20—%(5)(20) v(0) = 80

=180

(b) Attime t =20. Because the area above the x-axis from t =0 to t =10 is
same as the area below the x-axis from t =10 to t = 20.

(c) Check endpoints and the points where a(t) changes signs.
v(0) =80
v(10) = v(0) +I:o a(t) dt When t =10, a(t) changes signs.
=80+%(10+5)-20 =230
v(30) :V(O)+I§0 a(t) dt When t=30, a(t) changes signs.

:80+%(10+5)-20—%(20+5)~20
=20

v(35) =v(0) + | 035 a(t) dt
1 1 1
~80+(10+5)-20——(20+5)-20+2(5)(10)

=5

The car’s absolute maximum velocity is 230 ft /sec and it occursat t =10.

(d) The car’s absolute minimum velocity is —20 ft /sec and
itoccursat t=30.
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Exercises - Motion of a Particle, Distance, and Displacement

Multiple Choice Questions

1. The acceleration of a particle moving along the x-axis at time t is given by a(t)=2t-6.

If at t =1, the velocity of the particle is 3 and its position is % then the position x(t) =

3
(A) LA S
3 3

t3
(B) 3—3t2+8t—5

t3
C) ——6t+9
©) 3

3
(D) LA
3 3

2. The velocity of a particle moving along the x-axis at any time t is given by v(t) =3e™" —t .
What is the average speed of the particle over the time interval 0 <t <3?

(A) 0.873 (B) 1.096 (C) 1.273 (D) 1.482

3. A particle travels along a straight line with a velocity of v(t) = ' (t?> -5t +6) meters per second.
What is the average velocity of the particle over the time interval 0 <t <5?

(A) 58.602 (B) 64.206 (C) 79.351 (D) 86.448
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Questions 4-8 refer to the following situation.
v(t)

A particle is moving along the x-axis. The velocity v of the particle at time t, 0<t <10, is
given by the function whose graph is shown above.

4. At what value(s) of t does the particle change direction?

(A) 3only (B) 3and 6 (C) 5and 9 (D) 6and 7

5. What is the total distance traveled by the particle over the time interval 0 <t <10?

(A) 155 (B) 12 (C) 9.5 (D) 8

6. Atwhattime t during the time interval 0 <t <10 is the particle farthest to the right?

(A) 3 (B) 5 ©) 7 (D) 9

7. What is the velocity of the particle at time t =47

(A) -2 (B) 2 €5 (D) 7

8. What is the acceleration of the particle at time t =47?

(A) -2 (B) 2 €5 (D) 7
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9. A car is traveling on a straight road with position function given by s(t) = (4t> —3)e **,

where s is measured in meters and t is measured in seconds. At time t =0 seconds the brakes
are applied to stop the car. To the nearest meters, how far does the car travel fromtime t =0 to
the moment the car stops?

(A) 9 (B) 10 () 11 (D) 12

Free Response Questions

10. A particle moves along the x-axis with a velocity given by v(t) =tcos(t> —1) for t>0.

(@) In which direction (left or right) is the particle moving at time t=27?

(b) Find the acceleration of the particle at time t = 2. Is the velocity of the particle increasing
at time t =2 ?Justify your answer.

(c) Is the speed of the particle increasing at time t =2 ? Justify your answer.

(d) Given that x(t) is the position of the particle at time t and that x(0) =4, find x(2.5).

(e) During the time interval 0 <t < 2.5, what is the greatest distance between the particle and
the origin?

(f) Find the total distance traveled by the particle from t =0 to t=2.5.
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11. A particle moves along the y-axis with a velocity given by v(t) =3t> —14t+8 for t > 0.
Attime t =0, the position of the particle is y(0)=2.

(a) Find the minimum acceleration of the particle.

(b) For what values of t is the particle moving downward?
(c) What is the average velocity of the particle on the closed interval [0,3] ?
(d) What is the average acceleration of the particle on the closed interval [0,3] ?

(e) Find the position of the particle at time t =3.

(f) Find the total distance traveled by the particle from t =0 to t =3.

s(t)

12. A particle is moves along a horizontal line. The graph of the particle’s position s(t) at

time t is shown above for 0 <t <8. The graph has horizontal tangentsat t =2 and t=6
and has a point of inflection at t =3.

(a) What is the velocity of the particle at time t =67

(b) The slope of tangent to the graph(not shown) at t =4 is —1. What is the speed of the particle
attime t=47?

(c) For what values of t is the particle moving to the left?
(d) For what values of t is the velocity of the particle decreasing?

(e) On the interval 2 <t <3, is the speed of the particle increasing or decreasing? Give a reason
for your answer.

(f) During what time intervals, if any, is the acceleration of the particle positive? Justify your answer.
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5.6 Average Value of a Function

In the figure when f

of f, the x-axis, and
and x=D0b.

[7 () dx = fe)b-a).

rectangle, which is f(c)(b-a), is equal to
the area of the region bounded by the graph

Definition of the Average Value of a Function

If f isintegrable on [a, b],then the average value of f on the interval is

1 b
Tajaf(x)olx.

The Mean Value Theorem for Definite Integrals

If f iscontinuous on [a, b], then there exists a number c in [a,b], such that

2y

>0, the area of the

the vertical lines x=a

= faverage

Example 1 o Find the average value of f(x) =%xcos(x2) + x on the interval [0,\/27@.

Solution

- N2xr -0

1
_2\/27zI0
_4/ J.O

- 4\/27z

o Average value

! _[J_ (1xcosx + X) dx

1

2z
Xcos X2 dx +

LI@

\/g 0
1 J-Zzz'

22770

1 2

]

. . 1
sin2z —sin0|+
[ g ] 2\27

V4
cosu du+

[smu] +

4J_

[27[—0]

~1.253

27

\/Z 2 271'
EDO (Excosx)dx+J'0 xdx}

Let u=x?,then du=2xdx. = %du:xdx.

If x=0,u=0andif x=+v27,u=2r.



182

Chapter 5

Example2 o Let f be the function givenby f(x)=x>—-2x+4 onthe

Solution

O

interval [-1,2]. Find ¢ such that average value of f on the
interval is equal to f(c).

Average value

1
2-(-))

_ 1 b B 2 3
—m‘[a f(x)dx = J._l (x® =2x+4) dx

1| x* ?
== 2 —x?+4x| =425
4 -1

Therefore, f(c)=4.25.

y,=x*—2x+4

(-.126,4.25

y, =4.25

(1.473,4.25)

Use a graphing calculator to graph y, = x3—2x+4 and y, =4.25.

Find the points of intersection using a graphing calculator.
There are two points of intersection on the interval [—1, 2] ,

(-.126,4.25) and (1.473,4.25) .
Therefore ¢ =-.126 or ¢ =1.473.
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Exercises -Average Value of a Function

Multiple Choice Questions

1. What is the average value of f(x)= \/;(4— X) on the closed interval [0, 4] ?

7 21 32 35
A 3 ® % © = ©) -

2. The graph of y = f(x) consists of a semicircle and two line segments. What is the average value
of f ontheinterval [0,8]?

T+2 7+3 T+6

A) =, ® =~ (C) z+1 ©) =,

(3K) (54)

3. The graph of y = f(x) consists of three line segments as shown above. If the average value
of f ontheinterval [0,5] is 1 what is the value of k ?

3 7 4
(A) c (B) 0 ©) 3 (D) 0
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Graph of f

4. The function f is continuous for —4 < x <4 . The graph of f shown above consists of three line
segments. What is the average value of f ontheinterval -4 <x<4?

(A) -1 ® -3 © 5 (D) 1

5. On the closed interval [0,8] , which of the following could be the graph of a function f with

1 ¢8
= ?
the property that 50 IO f)dt>2"

(A) (B)
y y
4 4
2 2
N |
X > X
(0] 2 4 6 8 (0] 2 4 6 8
C D
(©) y (D) y
4 4
TN
2 ~ 2 /] ™
—
//
X X
(0] 2 4 6 8 (0] 2 4 6 8




Applications of integration 185

6. Let f be the function defined by

ix2+1 for 0<x<4
f(x)=116

3Wx-x for 4<x<9.

What is the average value of f on the closed interval 0<x<9?

65 35 85 55
A o (®) > © > ®) 5

Free Response Questions

7. Let f be the function given by f(x) = xcos(x?).

(a) Find the average rate of change of f on the closed interval [O«/;] .
(b) Find the average value of f on the closed interval [O\/;]

(c) Find the average value of f' on the closed interval [O\/;]
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8. The temperature outside a house during a 24-hour period is given by F(t) = 75+15sin {ﬂ(tl_ 6)} .

for 0<t <24, where F(t) is measured in degrees Fahrenheit and t is measured in hours.

(a) Sketch the graph of F on the grid below.

100

Termperature (in°F)
3

0 6 12 18 24
Time in Hours

(b) Find the average temperature, to the nearest degree, between t =4 and t =10.

(c) An air conditioner cooled the house whenever the outside temperature was 80 degrees or above.
For what values of t was the air conditioner cooling the house?

(d) The hourly cost of cooling the house is $0.12 for each degree the outside temperature exceeds
80 degrees. What is the total cost, to the nearest cent, to cool the house for the 24 hour period?
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5.7 Length of a Curve (Distance Traveled Along a Curve)

If f' iscontinuous on the closed interval [a, b] , then the length of the curve y = f(x) from
X=a to x=bis

L=’ 1+[j—ﬂz dx = [ 1+[F(x)] dx

If g’ is continuous on the closed interval [c,d ], then the length of the curve x = g(y) from
y=ctoy=dis

2
L:j: 1+{d—x} dy:j:\/1+[g’(y)]2dy

dy

Example 1 o Find the length of the curve y=2x¥2+1, from x=1 to x=3.

Solution o B .3,z gy
dx 2

(- o
L:If 14{%} 2 dx:jf\/ 1+9x dx

_21 327° _
—§~§[(1+9x) ]l~8.633

Example 2 o Let R be the region bounded by the y-axis
and the graphs of y=x* and y =x+2.
Find the perimeter of the region R .

Solution o The y-intercept of the line is A(0,2).
We can find the point of intersection
of the two graphs by solving y = x*
and y = x+2 simultaneously for x.
The point of intersection is B(2,4).

The perimeter of the region R

= OA+ AB + length of the curve from O to B

=2+4\(4-2) +(2-0)? +j02 J 1+ (2%)? dx %ZZX

=2+24/2+4.647 Use a graphing calculator to find

=9.475 the value of J; 1+ (2x)? dx.
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Exercises - Length of a Curve (Distance Traveled Along a Curve)

Multiple Choice Questions

1. What is the length of the curve of y =%(x2 +2)%2 from x=1to x=27

8 10
A 3 ® 5

(©) 4 (D) %

2. Which of the following integrals gives the length of the graph of y =In(sin x) between

x:£ to x=2—”?
3 3

(A) j 2/7;/3 csc? x dx
(B) _[ 2/7;/3 v1+cotx dx
© _[ 2/7;/3 cscx dx

(D) Ij;;ﬁ V1+csc? x dx

3. Which of the following integrals gives the length of the graph of y = %x” —x¥2 petween

x=11t0 x=47
1,4 1
® 5l (ﬁ+ﬁ>dx

1ra 1
®) 5], (=) ox

©) %jf (1+&+ix) dx

=

14 1
(D) Ejl (1+ﬁ_$) dx
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4. What is the length of the curve of y =In(x? +1)—x from x=0 to x=3?

(A) 1.026 (B) 1.826 (C) 2.227 (D) 3.135

5. If the length of a curve from (0,-3) to (3,3) is given by j; 1+ (x* —=1)? dx , which of the
following could be an equation for this curve?

X X
A y=2_2_3
Ay 33

3
(B)y:%—3x—3

3

X
C) y=—--x-3
©)y 3

X3
D) y=—+x-3
D)y 3

6. If F(x) :.flx ~t+1 dt, what is the length of the curve of from x=1 to x=2?

8 10 15 17
A 3 ® 3 © 3 ®)
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Free Response Questions

y=x
(4.2)

P(xy)

7. The figure above shows a point, P(x, y), moving on the curve of y =+/x , from the point (1,1) to
the point (4,2). Let & be the angle between OP and the positive x-axis.

(a) Find the x- and y-coordinates of point P in terms of cotd.
(b) Find the length of the curve from the point (1,1) to the point (4,2).

(c) If the angle @ is changing at the rate of —0.1 radian per minute, how fast is the point P moving
along the curve at the instant it is at the point (3,+/3) ?
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Techniques of Integration

6.1 Basic Integration Rules

In this section, we will study several integration techniques for fitting an integrand into one of
the basic integration rules. The basic integration rules are reviewed in Table 6.1 on page 252.

Procedures for Fitting Integrands to Basic Rules

Procedure

1. Separating numerator
2. Adding and subtracting terms in numerator
3. Dividing improper fractions

4. Completing the square

Example

1-2x 1 2X

1+x% 1+x% 1+%°

1 1-e"+e* 1-e* €

+
1-¢* 1-¢* 1-e* 1-¢*
X3 —3x 2X

2 =X==
X -1 X -1
1 1

Jax—x? ) Ja-(x-2)?

Other integration techniques, such as the simple substitution method, were covered in section 4.8.
Using trigonometric identities, trigonometric substitution, Method of Partial Fractions and Integration

by Parts will be covered later in this chapter.

1. Separating numerator

1-2x
1+ x?

Example 1l © Evaluatej. dx .

1-2x

Solution >
1+X

dx:.[ L

@ |

I1+x

-2X —du
j > dx=| —
1+X u

5 dx = arctan x

=—Inu

Therefore I 1_ 2
+X

dx +
1+ x? I 1+ X

> O Separate the numerator.

Basic integration rules.

Let u=1+x?,then du=2xdx.

;( dx = arctan x—In(L+ x?) +C .
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Table 6-1 Differentiation Rules and Basic Integration Rules

Differentiation Rules

d
1. —(x")=nx""?
dx( )
d ’ ’
2. &[f(X)g(X)]= FO)g' () +9(x) f'(x)
3 i{f(X)}: 9(x) F'0)—F(x)9'(x)
dx| g(x) [9(0]°
d ’ ’
4 flg()]=fTg(x)]g'(x)
5. i(ex) =g 6. i(ax) =(Ina)a*
dx dx
7.iln|x|:E S.ilogax:i~1
dx X dx Ina x
d . d
9. —(sinx) =cosx 10. —(cscx) = —cscxcot X
dx dx
d . d
11. —(cosx) =—-sinx 12. —(secx) = sec x tan x
dx dx
d 2 d 2
13. —(tanx) =sec” x 14. —(cot x) = —csc” x
dx dx
15. i(sin’1 X) = !
dx 1—x?
16. i(cos‘1 X) =— !
17 i(csc‘l X) = — 1
dx xvx? -1
18. i(sec’l X) = L
dx xvx? -1
d 1 1
19. —(tan™"x) =
dx( ) +x°
d 1 1
20. —(cot™ x) =—
dx( ) 2

Basic Integration Rules
1. I du=u+C

n+l

N

.J'u”du:u

+C,
n+1

nz-1

W pnp+c
u

w

~

I e' du=e"+C

ol

I a du:%a‘wc

6. j sinu du=-cosu+C

7. I cosu du=sinu+C

8. J' sec’u du=tanu+C

0. j csc?u du =—cotu+C

10. J' secutanu du =secu+C

11. I cscucotu du=-cscu+C
12. j tanu du = —In|cosu|+C

13. I cotu du = In|sinu|+C

14. j secu du = In|secu +tanu|+C

15. I cscu du:—ln|cscu+cotu|+C
U
=sin'—+C

J‘ du
e ™

17.

16

18.
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2. Adding and subtracting terms in numerator

dx .

Example 2 o Evaluatef o
—-e

X

X
Solution ] '[ ! dx=IH—+edx

1-¢¥ 1-¢¥

_ X X
- 1_2 x| £

—-e
:I dx+J' 1—ee

dx
X

X

dx
X

=x-Inl-e*)+C

3. Dividing improper fractions

dx.

3_
Example 3 o Evaluatej Xz 31X
X —_

3_
Solution o [ % 3 dx=[ (x- 2X_) dx

X2 -1 x? -1

:j xdx—j le dx

X2 —

=%x2 ~In(x*-1)+C

4. Completing the square

1
Example 4 o Evaluate f — dx.
Nax—x?

Solution ] I ; dx—f ; dx
Nax—x? - J4—(x—-2)?
1
:f du
4-u?
=sin‘1(%)+C

. 1, X=2
=sin""(——)+C
( 5 )

Add and subtract e* in the numerator.

Separate the numerator.

Use the basic integration rules.

Divide an improper fraction.

Use the basic integration rules.

Complete the square.

Let u=x-2,then du=dx.

Use the basic integration rules.
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Exercises - Basic Integration Rules

Multiple Choice Questions

1 j 1+sinx

5 dx =
COS” X

(A) tanx—secxtanx+C

(B) tanx+secx+C
(C) tanx+sec® x+C

(D) In(l+cos® x)+C

2. J' 1iex dx =

(A) e +In(l+e*)+C
(B) e** —In(l+e*)+C
(C) 2e** —In(l+e*)+C

(D) X -In(l+e*)+C

3. I 2tan x In(cos x) dx =

(A) cosx [In(cosx)]+C
(B) sinx[In(cosx)]+C
(C) —[In(cos x)] 24C

(D) [InGsinx)]*+C
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T T T T
A) — B) 1-— C)1+— D) 1+—
()4 (B) 2 ()+6 (D) 2
I _5_25___ dx =

X +2Xx+1

(A) —arccot x—i+C
x+1

(B) arctan X+L+C
x+1

+C

(©) 2In|x+1|—(x+1)2

2
D) 21 —_—
(D) n|x+]4+x+1+C

6. The region bounded by y =

Free Response Questions

sin x

VCOSX,

What is the volume of the resulting solid?

T .. .
x=0, x= 7 and the x-axis is revolved around the x-axis.
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6.2 Trigonometric Integrals

Trigonometric Identities

sin? x +cos® x =1 tan? x +1=sec? x cot? x +1=csc? x
) 1-cos2x 2 1+cos2x
sin® x = =—=== cos® x ===~

Sin2X = 2sin X€0s X

Guidelines for Evaluating I sin™x cos" x dx .

1. If m is odd, save one sine factor and use sin? x =1—cos? x to express the remaining factor
in terms of cosine.

Example 1 o Evaluate _[ sin® x cos? x dx.

Solution o I sin®x cos? x dx

= I sinx cos? x (sin x) dx One sine factor is saved.
:I (1-cos? x) cos? x (sin x) dx sin® x =1—-cos? x

:J' (cos? x —cos* x)sin x dx Multiply.

=I (u? —u*) (~du) u=cosx, du=-sinx dx

= —lcos3 x+lcos5 x+C
3 5

2. If n is odd, save one cosine factor and use cos® x =1—sin? x to express the remaining factor
in terms of sine.

Example 2 o Evaluate _[ cos® x dx .

Solution o Icossxdx

= j cos* x(cos x) dx One cosine factor is saved.
=j (1-sin? x)? cos x dx cos? x =1-sin?

:j 1-u?)? du u=sinx, du=cosx dx
= @-2u% +u") du Multiply.

_u23i i e
3 5

] 2 . ;
— sin x— 2sin3 x+2sin’ x+ C
3 5
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3. Ifboth m and n are even, substitute sin® x =

2

the integrand to lower powers of cos2x .

Example 3 o Evaluate _[ sin? x cos® x dx .

Solution

0 I sin? x cos? x dx

(1—005 2xj (1+ oS 2xj
=j dx
2 2

:%.[ (1—cos2 2x) dx

:1.[ (1_1+cos4xj dx
4 2

=%j (1-cos4x) dx

:Ex—isin4x+c
8 32

Guidelines for Evaluating I tan™x sec"x dx .

1-cos2x

_ 1+cos2x

and cos? x = to reduce
. 1-cos2x 2 1+ cos2x
sin“ x = , COS“ X =
2
Multiply.
c0522x=1+COS4X
2
Simplify.

1. If m is odd, save a secant-tangent factor and convert the remaining factors to secants, and
substitute tan? x =sec? x —1.

Example4 o Evaluate I tan®2x sec?2x dx.

Solution

0 I tan®2x sec?2x dx

:J' tan’ 2x sec2x (tan2x sec2x) dx

=_f (sec?2x—1) sec2x (tan2x sec2x) dx

= _[ (sec®2x —sec2x) (tan2x sec2x) dx

=%J' (u®—u) du

zl(lu“ _luz +C
2\ 4 2

= Esec4 2X —isec2 2x+C
8 4

A secant-tangent factor is saved.
tan® x =sec’®x -1

Multiply.

u=sec2x, du=2sec2x tan2x dx



198 Chapter 6

2. If there are no secant factors and m is even, convert a tangent-squared factor to a secant-squared
factor by substituting tan® x = sec? x—1.

Example5 o Evaluate _[ tan*x dx.

Solution o _[ tan*x dx
:J' tan®x (tanx) dx
:J' tan®x (sec® x—1) dx tan? x =sec? x -1
:j tan®x sec? x dx—J tan?x dx
=_[ tan®x sec? x dx—f (sec? x—1) dx

=j tan®x sec® x dx —j seczxdx+j 1dx

Set u=tan x, du=sec? x dx

1
=§tan3x—tanx+x+C

3. If n iseven, save a secant-squared factor and convert the remaining factors to tangents,
and substitute sec? x =1+tan® x.

/4
Example 6 o Evaluate .[0/ sec*x tan’x dx.

Solution o '[sec“xtanzx dx

= j sec®x tan®x (sec®x) dx A secant-squared factor is saved.
=j (1+tan? x) tan®x (sec®x) dx sec? x =1+ tan? x

:I (tan®x + tan* x) (sec?x) dx Multiply.

:I(u2+u4)du u=tanx, du=sec?x dx

= %u3 +%u5 +C

=£tan3 x+1tan5 x+C
3 5

Therefore

/4
_[0 sec*x tan®x dx

/4

[tanx+ tanx}
0

ll_

3515

4. If there are no tangent factors and n is odd use integration by parts as illustrated in the section 6.5.
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Exercises - Trigonometric Integrals

Multiple Choice Questions

1. I sin® nx dx =

(A) L sindnx—Lsinnx+C
3n n

(B) L costnx—Leosnx+C
3n n

(C) L i nx—Lsinnx+C
3n n

(D) L cos®nx—Lsinnx+c
3n n

2. j cos® x+/sin x dx =

(A) 1(cos x)° —z(cos )2 +C
3 5

(B) E(cos x)¥2 —g(sin x)2+C
3 7
2

(©) §(sin x)¥? —%(sin x)2+C

(D) %(sin x)%2 —%(cos x)%%+C

3, j "4sin* 0 do =
0

(A) 7 ® = (©) 2z ©) =
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4. j”/44tan2 0d6=
0

A) 2-7 (B) 2—% (©) 2+% (D) 4-x

5. '[ sec x dx =

(A) %tan3x+tanx+C
1.3

(B) gtan X+secx+C
1.3 2

© Etan x+sec” x+C

(D) %sec5 Xx—secxtan x+C

Free Response Questions

6. Find the area bounded by the curves y =sinx and y =sin®x between x=0 and x = %
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6.3 Trigonometric Substitutions

Trigonometric Substitution

1. For integrals involving va? —u? , let u=asin@. Then

Ja? —u? =a? —a?sin?6 = \/az(l—sin2 6) = /a2 cos? @ = acosd

2. For integrals involving va? +u? , let u=atan@ . Then

Ja? +u? =va* +a’tan? @ = \/a2(1+tan2 6) =Ja?sec? 0 = asecd

3. For integrals involving vu? —a? , let u=asecd. Then

Ju? —a? =Ja%?sec?6-a%+ = \/az(secz 6-1) =+a’tan’ 9 =atan@

a u
u u?-a’
)\ ] 0
a
aZ-u?
u=asind u=atanéd u=asecéd
1 .1
Note: arcsec X = arccos— arccscx = arcsin—
X X

2
Example 1 o Evaluate .[0 V4—x? dx.

Solution o I 4-x? dx

:J. V4—4sin? 6 2cos6 do Xx=2sin@, dx=2cosd d@

:4j cos?0 dé Ja—4sin? = [4(1-sin?6) = 2cos0
:4J- 1+cos26 40 C0529=1+C0320

2 2
=2j (1+cos26) d@ )

1 X Xx=2sin@
=2(0+=sin20)+C =20 +sin20+C

2 N N
=20+2sindcosf+C Ja—x?

2

_2sin (X2 4 e x=2sin0 = sind=> = o=sin*)

27 T2 2 2 2

_ 2

_osin (%) XVAX e

2 2
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Therefore
2

2
.[02\/4—x2 dx ={2$in1(§)+x—v42_x] = 2sin"}() = 2-%: P

0

dx

N

Example 2 o Evaluate'[

. dx

Solution .[ —_
V9 + x?
j 3sec’ 9 do

\/9+9tan

J- 3sec? 9 do
3secd

:I secd do

=In|secd+tan|+C

VI9+x2 X

3 2

x=3tand, dx=3sec?0 do

X =3tané

=In +C

dx
Example 3 o Evaluate | ———— .
'[ x*\x? -4

Solution .[
1[)( —

=I Zsecetane de

4sec® x vJ4sec’ -4
J- 2secftan g d@

4sec? 9 2tan@
1 do

47 secd

:lj. cosé do X

4 Jx2—4  x=2seco
=lsin6'+C a []

4 2

VX% -4

1
4 X

X=2secd, dx=2secftan@ d@

Jasec? 60— 4 = \/4(sec2 f-1) =2tané

+C
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1. If the substitution x =2tan@ is made in .[

integral is

(A) 4J. tan’fsecd do
(B) 4I tan’@sec’ 0 do
(€) sj tan® do

(D) 8'[ tan*@secd do

Multiple Choice Questions

3

X2 +4

Exercises - Trigonometric Substitutions

dx , where —£<6<£,
2 2

the resulting

2 1
= dx=
IJE X ,X2—1 X
T T T T
(A) i (B) o ©) G (D) "
'[ ! dx =
25— x?
25— x2
(A) - 5x2x +C
(B) V25X
25
©) ——“XZ+C
25X
(D) 25-x ¢
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Vx? -1

X4

4. If the substitution x =sec®d is made in .[ dx , where —% <0< % , the resulting

integral is

(A) I sec’ ftan @ do+C
(B) .[ secdtan’ @ do+C
(€) j sin@cos? 6 do+C

(D) I sin® @cos® do+C

5. The average value of f(x)=

on the interval [0,4] is

4
VI+x°

(A) In2 (B) In(v2-1) (C) In3 (D) In(~2 +1)

Free Response Questions

6. Let f be the function given by f(x)=(9—x?)¥? on the closed interval [0,3].
(a) Find the average value of f on the closed interval [0,3].

(b) Substitute x =3sin@ for f . Set up, but do not integrate, an integral expression in terms
of 9 for the average value of f on the closed interval [0,3].
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6.4 L’Hospital’s Ru

le

L’Hospital’s Rule
Suppose f and g

If the limit of M
g(x)

oo g(x) o g'(x)

provided the limit on the right side exists.

L’Hospital’s Rule can be applied only to quotients leading to indeterminate forms such as

are differentiable and g'(x) = 0 near x =c (except possibly at c).

. . 0
as x approaches ¢ produces the indeterminate form ° or 2 , then
o0

f'(x)

FO9 _y;

91 21 O'OO, 100, OOO, 00, and 00 — 00,
0 o
L’Hospital’s Rule does not apply when either the humerator or denominator has a finite
nonzero limit.
I L |
Examplel o Find lim——.
x—=0 Sin X
. . ef-1 .
Solution o lim— Indeterminate form 9
x—0 Sin X 0
e , . d, . d .
= lim L’Hospital’s Rule: —(e* -1)=e*, —(sinx) =cosX.
x—0 COS X dx dx
=1 e®=1 and cos0=1.
. . secx+9
Example2 o Find lim ———.
x—z/2  tan X
. secx+9 .
Solution O —_— Indeterminate form = .
x—7/2  tan X o)
. secxtanx )
= lim ———— L’Hospital’s Rule: i(secx+9)=secx'[anx,
x>1/2  sec? X dx
i('[an X) =sec? x..
dx
. tanx R
= lim — Simplify.
x—7/2 SEC X
= lim sinx
X—>7/2

=1
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Example 3 o

X—>00

Find lim xtanl.
X

. . 1
Solution o lim xtan— Indeterminate form -0 .
X—>00 X
. tan(l/x i
= IlmM Rewrite x:i.
X—>0 ]7/)(
2 2
. (=1/x%)sec”(A/x
= lim CYXTsec” @) Ux*)sec” (/) i(tanx):seczx
X—>00 —1/x2 dx
. 2,1 .
= lim sec” (= Simplify.
X—>00 X
=1 sec(0) =1
e)(
Example4 o Find lim—.
x—0 X
X eX
Solution o lim—=Ilim—=1 Incorrect use of L’Hospital’s Rule
x—0 X x—0 1

0
. T . e 1. . .
This application is incorrect since — == is not an indeterminate form

1 . i
— Make direct substitution.
x—0 X 0
(e 0]

Answer
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Exercises - L’'Hospital’s Rule

Multiple Choice Questions

X_l_
1 )I(I_rfg)e X2 X:
(A) 0 ® 5 © 1 (D)
) Irnsin‘lx_
’ Xx—0 X B
(A) —o (B) 0 @% (D) 1
3 fimSind _
' 0->r@—1
1 1
(A) -1 ®) C) 0 ©) 3

4. lim (tanx)* =
x—0"

(A) —o (B) 0 (Q% (D) 1

5. lim(x)Y* =

X—>00

(A) —o (B) e (€)1 (D) o
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6. tim( -2
x>0\ tanx X

(A) —o ® -3 (€ 0 (D) o

(A) —o ® -2 ©) -1 (D) o0

Free Response Questions

8. Use L’Hospital’s Rule to find the exact value of lim x[ln(x +3)—In x] . Show the work that leads

X—>00

to your answer.

9. Use L’Hospital’s Rule to find the exact value of lim [x —\x+ x} . Show the work that leads

X—>0

to your answer.
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6.5 Integration by Partial Fractions

A method for rewriting a rational function into the sum of simpler rational functions is called
. . . . . X+1 .
the method of partial fractions. For instance, the rational function 25—2 can be written
XS+ X—
5x+1 2 3
+

as 2 = .
X°+X—2 X-1 Xx+2

. 2 3 . . . .
We call the fractions 1 and 2 partial fractions because their denominators are only
X— X+
part of the original denominator. To integrate the rational function , we simply sum

X%+ X2

the integrals of the partial fractions.
jﬂdx:j idx+J‘ idx=2|n|x—]1+3|n|x+2|+c
X2 +x—2 x-1 X+2

3
dx.

Examplel © Evaluate.[ 7 ]
X —

Solution o If the degree of the numerator is greater than or equal to the degree of
the denominator, divide numerator by the denominator to get
a polynomial plus a proper fraction.

X
x? —1|x3
3

- X=X

X

Then we write the improper fraction as a polynomial plus a proper fraction.

X _ X+
X% -1 X2 -1

X A B

Write X _ = + .
x> -1 (x+D)(x-1) x+1 x-1

Multiplying both sides by (x+1)(x—1), we have x = A(x—-1)+ B(x+1)
Let x=1.Then 1= A(l-1)+B(+1) = B =%.
Let x=-1.Then -1= A(-1-1)+B(-1+1) = A:%'

dx=.|'xdx+£jidx+l de
27 x+1 27 x-1

X3
X2 -1

Thus, _[

1 1 1
=§x2 +Eln|x+]j+zln|x—]4+c.
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Example 2 o Evaluatej.

Solution

O

x+10 «
(x=4)(x+3)

If the denominator is a product of distinct linear factors, then the partial
fraction decomposition has the form

x+10 A B
(x-4)(x+3) x-4 x+3°

To find the values of A and B, multiply both sides of the equation by the
least common denominator and get

X+10=A(x+3)+B(x-4).

To solve for A, choose x =4, to eliminate the term B(x—4) .

4+10=A(4+3)+B(4-4) = 14=7TA = A=2

To solve for B, choose x =-3, to eliminate the term A(x+3).

-3+10=A(-3+3)+B(-3-4) = 7=-71B = B=-1

_[—X+10 dx=j 2 dx+J 1
(Xx-4)(x+3) (x—4) (x+3)

=2In|x—4|-In|x+3/+C
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Exercises - Integration by Partial Fractions

Multiple Choice Questions

dx
L J.x2+x—6 B

@ XL c
5 |x+6

® 1nX 3 c
5 [x-2

© I3 c
5 |x+3

(D) %In|(x—2)(x+3)|+C

[ o as ¢
4 (x=2)(2x+1)

9 10 3 9
(A Ino ®) In (© In> (©) In-

X
3. — dx=
'[ X? +5X+6

(A) —2In|x+2|+3In|(x+3)|+C
(B) 2In|x+2|+3In|(x+3)|+C
(C) 2In|(x+3)|-3In|x+2/+C

(D) —2In|(x+3)|-3In|x+2/+C
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J_ 2e2)( d
(e* -1)(e* +1)

A) In

e*(e** —1)‘+C

(B) In‘ZeX(eZX —1)\+c

) In e

e2>(

(D) In‘(ex _1)(e* +1)\+c

Free Response Questions

sin@

5. Let f be the function given by f(9)=j W
cos@(cosd -

(a) Substitute x =cos@ and write an integral expression for f interms of x.

(b) Use the method of partial fractions to find f () .
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6.6 Integration by Parts

Integration by Parts Formula

If u and v are functions of x and have continuous derivatives, then
'[ udv:uv—j vdu.

Guidelines for Integration by Parts

1. For integrals of the form

J' x"e® dx, I x"sinax dx, or I x" cosax dx

let u=x" and let dv=e® dx, sinax dx, or cosax dx.
2. For integrals of the form

I X" Inx dx, _[ x" arcsin ax dx , '[ x" arccosax dx, or I x" arctan ax dx

let u=Inx, arcsinax, arccosax, or arctanax and let dv = x" dx.

3. For integrals of the form
_[ e®sinbx dx or J' e® cosbx dx

let u=sinbx or cosbx and let dv =e® dx.

Examplel o Find ‘[ xsin x dx.

Solution o Let u=x and dv=sinxdx.
Then du =dx and V=Isinx dx =-cosx.

u dv u % v du

NN A ——
I xsmxdx:x(—cosx)—j (—cosx) dx
:—xcosx+j cos x dx

=—XCOSX+sinx+C

Example 2 o Evaluate _[ arctan x dx.

Solution o Let u=arctanx and dv=dx.

Then du = 1 > dx and v=j dx = x
1+X
du
u dv u v v —
—— s A ~
'[ arctan x dx=arctanx-x—.[ X —— dx
1+X
X
= Xarctan x—_[ 5 dx
1+X

= xarctan x—%ln(1+ x?)+C
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Tabular Method

In problems involving repeated applications of integration by parts, a tabular method can help
to organized the work. This method works well for integrals of the form j x"e® dx, j x"sinax dx ,

and J‘ x" cosax dx.
Example 3 o Evaluate I x2e* dx.

Solution o Let u=x?and dv=e¢* dx.

u and its v’ and its
Derivatives Antiderivatives

X n e

2x \ eX —— +x%*
2 \“ e —= —2xe*
0 T . —— 12¢*

T— Differentiate until you obtain 0 as aderivative.

Hence, _[ x%e* dx = x%e* —2xe* +2e* +C

Example 4 o Evaluate _[ e? cosx dx.

Solution o Let u=cosx and dv=e® dx.

u and its v' and its
Derivatives Antiderivatives
2x

Cos X \ e
1
. 1 o2x +=e”* cos x
—sinx \ 2

1o —— Lo (giny
—Cos X + 2° 2¢ sin0)

1—Stop here. The variable part of the last row is same as the first row.

We stop differentiating and integrating as soon as we reach a row that is the same
as the first row except for multiplicative constants. The table is interpreted as follow.

Product of the last row
—

_[ 62" cos X dx =~ 62" cosx—lezx(—sin x)+j lezx(—cos x) dx
2 4 4

By adding f %ezx(cos x) dx on each side we get,

Ej 62" cos X dx = ~ 62" cosx+1ezx(sin X).

4 2 4

Therefore, I e?* cos x dx = %ezx cos x+%e2X sinx+C.
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Exercises - Integration by Parts

Multiple Choice Questions

1. j xsin(2x) dx =

(A) —xcos(2x)+%sin(2x)+c
X 1.
(B) Ecos(Zx)—ZS|n(2x)+C
X 1.
(© —Ecos(Zx)+Zsm(2x)+C

X 1.
(D) Ecos(Zx) +Zsm(2x) +C

2. I; xe* dx =

(A) e? -1 (B) % +1 (C) e-1 (D) e+1

3. If j x% cos(3x) dx = f(x)-%j xsin(3x) dx , then f(x) =

(A) %xsin(Sx)
(B) %xz sin(3x)
© %xcos(Sx)

1 . 2
(D) 5xsm(3x) —Ecos(Bx)
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4. .[lenxdx:

2 2
x“Inx x
-—+C

4

(A)

3
B) x¢Inx—~+C
( 3

3 3
© = '3”"—%+c
2 3
(D) —X('”ZX) —X?+c
/4 2
5. IO Xsec” x dx =
pd 4 7 In2 7 In2
A) ——In2 B) —+In2 C) ——— D) —+—
(A) 2 (B) 2 ()4 2 (D) R

6. _[ secd x dx =

(A) %sec4 x+C
1, 1

(B) Ssec X tan X+Eln|secx|+C
1, 1

(C) Ssec xtan x+EIn|tan x|+C

(D) %secxtan x+%|n|secx+tan x|+C
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7. j f (x) cos(nx) dx =

(A) 1 f (x)sin(nx)—lj f'(x)sin(nx) dx
n n
1 1 ,

(B) = f(x) cos(nx)——f f'(x) cos(nx) dx
n n

(C) n f(x)cos(nx)+%J‘ f'(x)sin(nx) dx

(D) nf(x)cos(nx)—%f f'(x)cos(nx) dx

8. If I arccos x dx = x arccosx+J' f(x) dx, then f(x)=

(A) —x1-X2 (B) X1 x2 ©) ——= D) -

1-x° 1-x°

X fO) | 9 | F'() | 9'(x)

9. The table above gives values of f, f', g,and g’ for selected values of x.

If [ 7 £(x)g'(x) dx=8, then [ *f'(x)g(x) dx =

(A) -4 (B) -1 (€5 (D) 8
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Free Response Questions

10. Find the area of the region bounded by y =arcsinx, y=0, and x=1. Show the work
that leads to your answer.
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6.7 Improper Integrals

Improper Integrals with Infinite Integration Limits

1. If f(x) is continuous on [a,), then

j:f(x)dx=gmj:f(x)dx.

2. If f(x) is continuous on (—wo,b], then

[* 0 dx = Iim j: £(x) dx .

3. If f(x) is continuous on (—w, ), then
[Treoax=]" f(x) dx+[ () dx,

where c is any real number.

Improper Integrals with Infinite Discontinuities

1.If f(x) iscontinuous on [a,b) and has an infinite discontinuity at b, then

b ; c
ja f(x) dx:CILTija f(x) dx .

2. If f(x) is continuous on (a,b] and has an infinite discontinuity at a, then

j:f(x) dx = Iimh[:f(x) dx.

3. If f(x) is continuous on [a,b], except for some number ¢ in (a,b) at which f hasan
infinite discontinuity, then

j:f(x) dx:j:f(x)dx+jcbf(x)dx,

where c is any real number.

In each case, if the limit is finite we say that the improper integral converges and that

the limit is the value of the improper integral. If the limit fails to exists, the improper
integral diverges.

Example 1 o Evaluate I;O xe ™ dx.

. o 2
Solution o _[0 xe ™™ dx

b
. ¢b )
—lim [~ xe™ dx = lim [—lexz}
0 2

|
b—w b—aw

0
— ~Liim [e*bz —eO} _Llo-p-t
2 bow 2 2
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dx

Example 2 o Evaluate 5 -
= 1+X

Solution o '[:” dx :‘.‘70 dx +J-: dx

© 14x2 d 14x° 1+x°
. 0 X . b dx

= Ilmj +I|mj
a>—o’a 14 x2 bowd 0 14 x?

. 40 1 b
= lim [tan x] + lim [tan X:|
a——o0 a bow 0

= lim (tanlo tan~ a)+llm(tan’1b tan’lo)

a—>—o

~[o-c5)(5-)-

Example 3 o Evaluate _[5

dx
vx-1

. 5
Solution ] .[1

= lim 50X = lim [2\/—]

b—1"¥ b x-1 b—1"

= lim [ 24 - 2vb-1]

b—1

=4

Example4 o Find j: —

Solution ] '[Olld—x
X

_JLTIO T _Ilm[ InjL— x|]

b—1"
= lim [~Inf1—b|+In1]
=0
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Exercises - Improper Integrals

Multiple Choice Questions

(B) -2 © 1 (D)

R O
0 (x+3)(x+4)

4 3

(A) ~InZ 8) ~In (€) 0 (D) In4

4 dx
.[o (X—1)2/3 B
(A) 333 (B) 3(1-33) (C) 31+%3) (D) divergent

4. _[OOO X2 =
1 1 .

(A) 3 (B) > ©) 1 (D) divergent
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1 Inx
5. _[0 de=

(A) -6 (B) -4 (C) -2 (D) divergent

—/x
6. If .[l ke—dx:l,what is the value of k ?
o Jx

1

(A - (B) % (© % (D) There is no such value of k

Free Response Questions

7. Let f be the function given by f(x)= dx.

x2 +1
(a) Show that the improper integral Iloo f(x) dx is divergent.

(b) Find the average value of f on the interval [1,0).



Chapter 7
Further Applications of Integration

7.1 Slope Field

A first order differential equation of the form y’' = f(x, y) says that the slope of a solution
curve at a point (x,y) onthe curve is f(x,y). If we draw short line segments with slope
f(x,y) atseveral points (X, y), the result is called a slope field.

Figure 7-1 shows a slope field for the differential equation y'=x—y+1
Figure 7-2 shows a particular solution curve through the point (0,1).

y

\
\
\
\
\
\
/
/
/
/
l
l

Slope field fory'=x-y+1 Particular solution fory’ = x -y +1
passing through (0,1)

Figure 7-1 Figure 7-2
y
Example 1 o On the axes provided, sketch a slope field ° - .
for the differential equation y'=1—xy .
° 1 L]
Solution o Make a table showing the slope at the points -1 0 !
[ ] _l o

shown on the graph.
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Draw the line segments at the points with their respective slopes.

Example 2 o On the axes provided, sketch a slope field
for the differential equation y'=y+xy. * 2 .
L) 1 L]
> * X
-1 O 1
Solution o Make a table showing the slope at the points M)

shown on the graph.

X -1|-1]-1]-110f0)JOfO|1(|1(|1]1

y 101 f2]-1]0]1]2|-1({0f1]2

y=y+xy |0O]JO0O|JO|O|-1|{0|21]2|-2]0]2]|4

Draw the line segments at the points with their respective slopes.
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Exercises - Slope Field

Multiple Choice Questions

y
- —~ >~ X\

S — 4 — =~ \
/oAt —~ N\ \
/o =4+~~~ \\
/24~ \ \
//——}\ A\

/
/
{ﬂ\—nL?/?
\ N\

N

AN
\
\
\
i

~t-///
~N~+—-//
N~=4t+—~—/
NN~~~ ——~— -~/

NN N~ —
N\~ —

S S S =~~~ N\ \
VAVt s NN NN

/
/
/

5
\

\
\
\
AN
AN

1. Shown above is a slope field for which of the following differential equations?

2 2
w L-X ® L--X € Y-X 0 XX
Xy y dx vy dx y
VY

T Y A (3 (O Y A A

Lty r s/ 7=\

a7 /7 7—N\

L7 7=\

[ 27—~ N\ \

ARRRAA RNNEE

A AN S S

[/ /7 7—>2p VLV VL

V22 NI N U U T U B

VAV NI I T T O B

NNV v

e U WU - S T N T B

2. Shown above is a slope field for which of the following differential equations?

d d d d
AW L=xry B F=x-y  (©=-xty (D) =x-y
dx dx dx dx
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Free Response Questions

3. On the axis provided, sketch a slope field for the differential equation % =y—x°.
X

y
. 3 °
. 3 .
X
-1 O 1

4. On the axis provided, sketch a slope field for the differential equation ? =x*+y2.
X

y
. 3 .
° 3 °
- - X
-1 O 1

5. On the axis provided, sketch a slope field for the differential equation % =(x+D)(y-2).
X

y
° b .
- g X
-1 O 1
. 3 °
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7.2 Separable Differential Equations

The equation y' = f(x,y) isaseparable equation if all x terms can be collected with dx
and all y terms with dy . The differential equation then has the form

dy _ dy _ f(x)
d—x—f(X)g(y) or o= h(y)

To solve the first equation we could rewrite it in the form A = f(x)dx, and integrate
g

both sides of the equation:

Wy
j ) jf(x)dx.

To solve the second equation we could rewrite it in the form h(y)dy = f (x)dx
and integrate both sides of the equation:

j h(y) dy:j f(x) dx .

Example 1 o Find the general solution of (x+3)y’'=2y.

Solution o (x+3)y'=2y

(X+3)%: 2y Rewrite y' as %
ﬂ = 2 dx Separate the variables.
y X+3
I d_y = I 2 dx Integrate.
y X+3
In|y| = 2In|x+3|+C,
=In(x+3)>+InC Let C,=InC.
y = C(x+3)? General solution
Example 2 o Find the general solution of % = —ﬁ.
X y
Solution o v _
dx y
y dy = -2x dx Separate the variables.
_[ y dy =I —2x dx Integrate.
1. 2
—y =-x"+C
> y 1

2x> +y*=C General solution, C =2C,
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Exercises - Separable Differential Equations

Multiple Choice Questions

2
1. The solution to the differential equation j—y ::’;L , Where y(3)=4,is
X y

(A y:\/xggﬂ (B) y=7—\/§ ©) y=vx*-9 (D) y=vx*-11

2
if ﬂ: X+Sec” X

and y(0)=2,then y=
dx

(A) Vx? +2secx+2
(B) Vx® +2tanx+4
(C) Vx? +sec® x+2
(D) Vx? +tan? x+4

3. Ateach point (x,y) on a certain curve, the slope of the curve is xy . If the curve contains the
point (0,-1) , which of the following is the equation for the curve?

>(2
(A) y=x*-2 (B) y=3x2-4 (C) y=—e?2 (D) y = et

4. If g—y:(y—4)seczx and y(0)=5, then y =
X

(A) ™™ +4 (B) 6e™"* —1 (C) 2e"™* +2 (D) 4secx+1
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5. What is the value of m+Db, if y=mx+b isa solution to the differential equation % = %x— y+1?
X

1 3 5
A) 5 S €)1 ©) 7

Free Response Questions

6. Consider the differential equation Yy = x+l .
dx y
(a) On the axis provided sketch a slope field for the given differential equation at the nine points
indicated.
y
1 ° °
X
o 1 2
-1 ° °

(b) Let y = f(x) be the particular solution to the differential equation with the initial condition y(1) = V3.
Write an equation for the line tangent to the graph of f at (1, \/5) and use it to approximate f (1.2).

(c) Find the particular solution y = f (x) to the differential equation with the initial condition y(1) =/3 .

(d) Use your solution from part (c) to find f(1.2).
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7. Consider the differential equation ? = ZX;LS .
X e

(a) Let y = f(x) be the particular solution to the differential equation with the initial condition y(0)=2.
Write an equation for the line tangent to the graph of f at (0,2).

(b) Find f"(0) with the initial condition y(0)=2.

(c) Find the particular solution y = f(x) to the differential equation % = 2x+3

X ey

with the initial

condition y(0)=2.

dy _y*(1-2x)

8. Consider the differential equation 3 3
X

(a) On the axis provided sketch a slope field for the given differential equation at the nine points

indicated.
y
[ ] 2 [ ]
[ ] 4 [ ]
- 4 X
-1 O 1

2
(b) Find % intermsof x and y.
X

(c) Let y = f(x) be the particular solution to the differential equation with the initial condition y(%) =4.

Does f have a relative minimum, a relative maximum, or neither at x = ) ? Justify your answer.

(d) Find the particular solution y = f(x) to the differential equation with the initial condition y(%) =4,
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9. Consider the differential equation % =-2x+y+1.
X

(a) On the axis provided sketch a slope field for the given differential equation at the nine points

indicated.
y
[ ] p [ J
[ ] 4 [ )
4 X
-1 O 1
d2y
(b) Find g interms of x and y . Describe the region in the xy- plane in which all the solution
X

curves to the differential equation are concave down.

(c) Let y = f(x) be the particular solution to the differential equation with the initial condition f(0)=-1.
Does f have a relative minimum, a relative maximum, or neither at x = 0 ? Justify your answer.

(d) Find the value of the constants m and b, for which y =mx+b is a solution to the differential
equation.
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7.3 Exponential Growth and Decay

In modeling many real-world situations, a quantity y increases or decreases at a rate proportional to

its size at a given time t. If y is a function of time t, the proportion can be written as follows.

Rate of change of y is proportional to y.

dy 2

k
dt Y

The Law of Exponential Change

If y isadifferentiable function of t suchthat y >0 and y'=ky , for some constant k ,

then

Exponential growth occurs when k > 0, and exponential decay occurs when k < 0.

y = y,e"', where y, is the initial value of y .

The number k is the rate constant of the equation.

Example 1 o The number of bacteria in a culture increases at a rate proportional to the number
present. If the number of bacteria was 600 after 3 hours and 19,200 after 8 hours,

Solution

O

when will the population reach 120,000?

Since the growth rate is proportional to population size, we use the equation y = yoekt.

600 = y,e? y =600 and t =3
Yo = % Solve for vy, .
19,200 = y,e**® y=19,200 and t=8
19,200 = %e% Substitution

32=¢% Simplify.

k :%In 32 ~0.693

Therefore, the exponential growth model is y = y,e®%*.
To solve for vy, , substitute y =600 when t =3 and obtain
600 = y0e0.693(3) )

600

0 =X
£0693(3)

75

So the model is y = 75e%%%"

120,000 Q06931
75
= e%% ~1600 = 0.693t = In1600

= 1=10.646

120,000 = 75e%%% —
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Exercises - Exponential Growth and Decay

Multiple Choice Questions

1. Bacteria in a certain culture increase at a rate proportional to the number present. If the number of
bacteria doubles every four hours, in how many hours will the number of bacteria triple?

4In2 4In3
(D) —
In3 In2

A) m(% ® ) ©)

2. Population y grows according to the equation %: ky , where k is a constant and t is measured

in years. If the population doubles every 15 years what is the value of k ?

(A) 0.035 (B) 0.046 (C) 0.069 (D) 0.078

3. A bhaby weighs 6 pounds at birth and 9 pounds three months later. If the weight of baby increasing
at a rate proportional to its weight, then how much will the baby weigh when she is 6 months old?

(A) 11.9 (B) 12.8 (C) 135 (D) 146

4. Temperature F changes according to the differential equation Z—Tz kF , where k isa constantand t

is measured in minutes. If attime t=0, F =180 and attime t =16, F =120, what is the value of k ?

(A) -0.025 (B) —0.032 (C) —0.045 (D) —0.058
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Free Response Questions

5. The rate at which the amount of coffee in a coffeepot changes with time is given by the differential
equation %—\: =kV , where V is the amount of coffee left in the coffeepot at any time t seconds. At

time t =0 there were 16 ounces of coffee in the coffeepot and at time t =80 there were 8 ounces of
coffee remaining in the pot.

(a) Write an equation for V , the amount of coffee remaining in the pot at any time t .

(b) At what rate is the amount of coffee in the pot decreasing when there are 4 ounces of coffee remaining?

(c) At what time t will the pot have 2 ounces of coffee remaining?
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7.4 Logistic Equations

The differential equation

® —p(1-2]
dt A

is called a logistic equation.

In this equation P(t) is the size of the population attime t, A is the carrying capacity

(the maximum population that the environment is capable of sustaining in the long run), and
k is a constant.

If 0<P<A,then (1-P/A) is positive so, dP/dt >0 and the population increases.

If P> A, then (1-P/A) isnegative, so dP/dt <0 the population decreases.
In logistic equations
1. lim d—P =0

too dt

2. limP(t) = A.
t—oo

3. The population is growing the fastest when P =§.
(When P is half the carrying capacity.)
4. The graph of P(t) has a point of inflection at the point where P = ?

Figure 7-3 displays typical logistic curves.

, P

population

(e} time

Figure 7-3

Solution curves for the logistic equations
with different initial conditions
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Example1 o A population is modeled by a function P that satisfies the logistic differential

equation %:2(3—2—2} where the initial population P(0) =100 and t is the
time in years.

(@) What is lim P(t)?

t—o0
(b) For what values of P is the population growing the fastest?
(c) Find the slope of the graph of P at the point of inflection.

Solution o (a) Write the differential equation in the standard form.

d_P_E(g_i)_E[l_ij
dt 2 20) 2 60

lim P(t) = A= 60
t—o0

(b) The population is growing the fastest when P =—.

2 2

30

(c) The graph of P has a point of inflectionat P = ?
So, when P =30,

= @(B—QJ =225
P20 2 20

ap
dt
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Exercises - Logistic Equations

Multiple Choice Questions

1. The population P(t) of a species satisfies the logistic differential equation %—I: =3P -0.0006P?,

where the initial population is P(0) =1000 and t is the time in years. What is lim P(t) ?
t—>w

(A) 1000 (B) 2000 (C) 3000 (D) 5000

2. A healthy population P(t) of animals satisfies the logistic differential equation (:j_ItD = 5P(1—2%O) ,
where the initial population is P(0) =150 and t is the time in years. For what value of P is the

population growing the fastest?

(A) 48 (B) 60 (C) 120 (D) 240

3. A population is modeled by a function P that satisfies the logistic differential equation

%—T =£(1—%) , Where the initial population is P(0) =800 and t is the time in years.

What is the slope of the graph of P at the point of inflection?

(A) 5 (B) 7.5 (C) 10 (D) 125

4. A certain rumor spreads in a small town at the rate % = y(1—3y) , Where y is the fraction of the

population that has heard the rumor at any time t . What fraction of the population has heard the
rumor when it is spreading the fastest?

1 1 1 1
A5 ®) - © 3 ©®) 3
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120 4= === mmmmm e oo

5. Which of the following differential equations for population P could model the logistic growth shown
in the figure above

(A) ‘(’j_i’: 0.03P? —0.0005P
(B) ‘:j—': =0.03P% —0.000125P
(C) ‘jj—i’ =0.03P —0.001P?

(D) %—T =0.03P —0.00025P2
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Free Response Questions

6. Let f beafunction with f(2)=1, such that all points (t,y) on the graph of f satisfy the

differential equation ay = Zy(l—ij .
dt 4

Let g be a function with g(2) =2, such that all points (t,y) on the graph of g satisfy the

logistic differential equation ay = y(l—lj .
dt 5
(@) Find y=f(t).

(b) For the function found in part (a), what is lim f (t) ?
t—owo
(c) Giventhat g(2) =2, find limg(t) and limg'(t).
tow t—o0

(d) For what value of y does the graph of g have a point of inflection? Find the slope of
the graph of g at the point of inflection.
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7.5 Euler’s Method

Euler’s Method is a numerical approach to approximate the particular solution of the
differential equation y' = f(x,y) with an initial condition y(x,) =Y,
Using a small step h and (x,,Y,) as a starting point, move along the tangent line until you
arrive at the point (x,y,), where

dy

X =X, +h and y1:y0+h{—} ,
dx (X9,Y0)

as shown in Figure 7-4.
Repeat the process with the same step size h at a new starting point (X, y,) . The values

of x; and vy; are as follows.

X, =X, +h y1=y0+h{d—y}
dx (X0 Yo)

X, =% +h y2=y1+h[d—y}
dx (%, ¥1)

d
X, =X, +h Yo =Ynat h[d—y}
X (Xn—l!yn—l)

y
Euler
approximation lines
Exact h {ﬂ}
solution X J 1y, y,)
\ h
h h [ﬂ_
h dX_ (%, %)
i
dx (X0, ¥0)
1 1 1 1 X
T T T T
o Xo X X3 X3
Figure 7-4

Examplel o Let f be the function whose graph goes through the point (1,-1) and
whose derivative is given y’ = 2—1 . Use Euler’s method starting at x =1
X

with a step size of 0.5 to approximate f(3).

Solution o Given j—y:2—l, X =1, yp=-1,and h=05.
X X
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d
FL5)~ v = Yo +h[d—y}
X1 (0. 0)

:—1+(O.5)(2—_T1):0.5 X =1, yo=-1

d
f@)~y, = y1+h[d—y}
X1 0w

~05+08)2-70) =5 X =% +h=1+05-15, y,=05

d
f(25)~ys =y, +h[d—y}
X (%2,Y2)

=%+(0.5)(2—%)=2 X, =% +h=15+05=2, y,=4/3

d
f@)~y, = y3+h{d—y}
X (X3, Y3)

:2+(O.5)(2—2—25):2.6 X3=X,+h=2+05=25, y;=2

Example 2 o Let y= f(x) be the solution to the differential equation % =X—Yy+2 with the
X

initial condition f (0) = 2. Use Euler’s method starting at x =0 with a step size
of 0.5 to approximate f(2).

Solution o Given g—y=x—y+2,x0=0, Yo=2,and h=05.
X

d
f05)~y =Y, +h[d—y}
X (%0+Yo)

=2+(05)(0-2+2)=2 Xo=0, yp=2

dx
=2+(05)(05-2+2) =225 % =0+05=05, y, =2

d
1) ~y, = ywh[—y}
(%, ¥1)

d
fL5) ~ ys =y, +h[d—y}
X (X2,Y2)

=2.25+(0.5)(1-2.25+2) = 2.625 %,=0.5+05=1, y,=2.25

d
f(2)~y, = y3+h[d—y}
X (%3, Y3)

=2.625+(0.5)(1.5-2.625+2) =3.0625 X, =1+0.5=15, y, =2.625
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Exercises - Euler’'s Method

Multiple Choice Questions

1. Let y= f(x) be the solution to the differential equation % =1+ 2x—y with the initial condition f(1)=2.
X

What is the approximation for f (2) if Euler’s method is used, starting at x =1 with a step size of 0.5?

(A) 2.5 (B) 2.75 (C) 3.25 (D) 3.75

2. Let y= f(x) be the solution to the differential equation % = x—xy with the initial condition f(0.5)=0.
X

What is the approximation for f (2) if Euler’s method is used, starting at x = 0.5 with a step size of 0.5?

(A) 0.825 (B) 0.906 (C) 1.064 (D) 1.178

3. Let y= f(x) be the solution to the differential equation %=arctan(xy) with the initial condition
X

f(0) =1. What is the approximation for f (2) if Euler’s method is used, starting at x =0 with a step
size of 1?

(A) % (B) 1+% (C) 1+% D)

') | 1 2 | -05|-15] 12

4. The table above gives selected values for the derivative of a function f on the interval -1<x<0.6.
If f(-1)=1.5 and Euler’s method is used to approximate f (0.6) with step size of 0.8, what is the
resulting approximation?

(A) 1.9 (B) 2.1 (C) 2.3 (D) 2.5
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¥ =0 f(x)=1

X =05] f(x)=15

X, =1 f(x,)=~3

5. Consider the differential equation % =kx+y—2x?, where k isaconstant. Let y= f(x) be the
X

particular solution to the differential equation with the initial condition f(0) =1. Euler’s method,
starting at x =0 with step size of 0.5, is used to approximate f (1) . Steps from this approximation
are shown in the table above. What is the value of k ?

(A) 2.5 (B) 3 (C) 35 (D) 4

Free Response Questions

6. Consider the differential equation v = 1x -y 1 .
dx 2 2

2

(a) Find j—z interms of x and y.
X

(b) Let y = f(x) be the particular solution to the given differential equation whose graph passes

through the point (0,—%) . Does the graph of f have relative minimum, a relative maximum,

or neither at the point (0,—%) ? Justify your answer.

(c) Let y =g(x) be another solution to the given differential equation with the initial condition
g(0) =k, where k is a constant. Euler’s method, starting at x =0 with a step size of 0.5,
gives the approximation g(1) ~1.Find the value of k.
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7. Consider the differential equation ? =2X+Y.
X
(a) On the axis provided, sketch a slope field for the given differential equation at the twelve points
indicated, and sketch the solution curve that passes through the point (1,1) .

y
° 29 .
. le .
4 * X
-1 O 1

(b) Let f be the function that satisfies the given differential equation with the initial condition f(1)=1.
Use Euler’s method, starting at x =1 with a step size of 0.1, to approximate f (1.2). Show the work
that leads to your answer.

(c) Find the value of b for which y =-2x+b is a solution to the given differential equation. Show the
work that leads to your answer.

(d) Let g be the function that satisfies the given differential equation with the initial condition g(1) =-2.
Does the graph of g have a local extremum at the point (1,-2) ? If so, is the point a local maximum
or a local minimum? Justify your answer.



Chapter8
Parametric Equations, Vectors, and
Polar Coordinates

8.1 Slopes and Tangents for the Parametric Curves

If x and y are both given as functions of a third variable t , then the equations
x=1f(t), y=g9(t)
are called parametric equations, and t is called the parameter.

The set of points (x,y) = (f(t),g(t)) defined by the parametric equations is called the
parametric curve.

When the points in a parametric curve are plotted in order of increasing values of t, the curve
is traced out in a specific direction. This is called the direction of path (or motion) of the
curve.

Parametric Formula for dy/dx

If the equation x = f(t), y = g(t) define y as a differentiable function of x and dx/dt =0,
then

d_y: dy/dt , Where %7&0.
dx dx/dt dt
d2y

Parametric Formula for d_2
X

d  dy
¢y_d oy ai'ed
dx?  dx dx dx
dt
Horizontal Tangent

If dy/dt =0 and dx/dt =0 when t =t,, the curve represented by x = f(t) and y =g(t) has
a horizontal tangent at (f (t,), 9(t;)) -

Vertical Tangent

If dx/dt =0 and dy/dt =0 when t =t,, the curve represented by x = f(t) and y = g(t) has
a vertical tangent at (f(t;), g(t;)) -
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Example 1 o A curve in the plane is defined parametrically by the equations
x=t?>and y=t3-2t.

(a) Sketch the curve in the xy- plane for —2 <t < 2. Indicate the
direction in which the curve is traced as t increases.

(b) For what values of t does the curve have a vertical tangent?

(c) For what values of t does the curve have a horizontal tangent?

(d) Find the equation of the tangent lines to the curve at t = +2..

Solution o (@) Use a graphing calculator to draw
a parametric curve.

Set the graphing calculator as follows.
o Mode: Parametric mode
o Window: T i, ==2,Tx =2,

Xmin ==5+ Xipax =5

Yoin =4, Yoox =4

oY =: Xy =T? Yyr=T3-2T

(b)%zzt,d—yzsﬁ—z
dt dt
%zo = t=0
dt

The curve has a vertical tangent when t =0.

N

(c)‘;—i’=o = 3t°-2=0 = tzi—zi?

w

=

The curve has a horizontal tangent when t = i?

dx  2(2) 242
The equation of the tangent line is
y—0=+/2(x-2).

5oy 3=2?-2 4
=2 g 2(+2) 22 V2

The equation of the tangent line is

y—0=—2(x-2).

@ift=yz, W 3022 4 5
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Example 2 o A particle moves in the xy- plane so that its position at any time t,

Solution

0<t<4,isgiven by the equations x(t) =cost+tsint and y(t) =sint—tcost.

(a) Sketch the curve in the xy- plane for 0 <t <4. Indicate the
direction in which the curve is traced as t increases.

(b) At what time t, O <t <4, does the line tangent to the path of
the particle have a slope of —1?

(c) Atwhattime t, 0 <t <4, does x(t) attain its maximum value?
What is the position (x(t), y(t)) of the particle at this time?

(d) At what time t, 0 <t <4, is the particle on the y-axis?

o (a) Use a graphing calculator to draw LY

the parametric curve. 4T

o Mode: Parametric mode, Radian mode /\ k

o Window: 7., =0, 7 =4,

Xmin =51 Xpax =9 —t—t—t+— H——t—tX
- - -5 L 5
ymin_ 4, ymax_4

oY=:Xy=cosT +7sinT ,
Yir =sin7 -7 cosT

dy _dy/dt _cost—(-tsint+cost) _tsint _
dx dx/dt —sint+(tcost+sint) tcost

(b) tant

So g—yztant:—l = t=tan'(-1) =37/4.
X

(c) X'(t)=-sint+(sint+tcost) =tcost
X(t)=0 = t=x/2,for 0<t<4.
x(t) attains its maximum value when t = 7/2.

VA T T . T T
X(=) =cos—+—sin—==—
2 2 2 2 2
T . T T T
—)=sin———cos—=1
y(z) 2 2 2

The position when t = 7/2 is (%,1) .

(d) The particle is on the y- axis when x(t) =0.
X(t) =cost+tsint=0
Use a graphing calculator (in function mode) to find the value of t which
makes cost+tsint=0.
For O<t<4, x(t)=0 when t=2.798.
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Exercises - Slopes and Tangents to the Parametric Curves

Multiple Choice Questions

1. If x=te' and y=t+e', then % at t=0 is
X

1
(A) 0 ® 3 ©1 (D) 2
2
2. If x=tant and y =sint, then d_g/ att="is
dx 6
9 27 13 7
A) —— B) -—— C) = D) —
A) -7 ®) -3, © 5 ©) 3

3. Acurve C is defined by the parametric equations x =t —3 and y = 2t>. Which of the following
is the equation for the line tangent to the graph of C at the point (5,8) ?

1 8 8 2 14
A y==X+— B) y=2x—— C) y=—X+— D) y=3x+8
Ay 33 B)y 3 ©)y R D)y

4. If x=cost and y = 2sin’t, then % att=11is
X

(A) —2cosl (B) —4cosl (C) —2tanl (D) -2sinl
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5. For what value(s) of t does the curve defined by the parametric equations x =

2

2t
y:

e have a horizontal tangent?
+t

(A) Oonly

(B) 2 only

(C) 0and 4 only
(D) 0and ¥/2 only

6. Apoint (x,y) is moving along a curve y = f(x). At the instant when the slope of the curve

is % the x- coordinate of the point is decreasing at the rate of % units per second. The rate

of change, in units per second, of the y-coordinate of the point is

15 3 3
S ®) - T ®)

7. An object moving along a curve in the xy-plane is in position (x(t), y(t)) attime t>0
with (cji_)t( =2-sin(t?) . Attime t =3, the object is at position (2,7). What is the x-coordinate

of the position of the object at time t =67?

(A) 8.135 (B) 9.762 (C) 10.375 (D) 11.308
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Free Response Questions

8. A particle moves in the xy- plane so that its position at any time t, 0 <t <2x, is given
by x(t) =t-sint and y(t) =tcost.

(a) Sketch the path of the particle in the xy- plane below. Indicate the direction of motion
along the path.

(b) At what time t, 0<t <2z, does y(t) attain its minimum value? What is the position (x(t), y(t)) of
the particle at this time?

(c) Write an equation for the line tangent to the curve attime t=r .

9. A particle moving along the curve is defined by the equation y = x> —4x? +4 . The x-coordinate of

the particle, x(t), satisfies the equation %: ! , for t >0 with initial condition x(0) =1.

t2+9

(@) Find x(t) interms of t.

(b) Find % intermsof t.

(c) Find the location of the particle at time t =4.

(d) Write an equation for the line tangent to the curve at time t =4.
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8.2 Arc Length (Distance Traveled Along a Curve) in Parametric Form

If a curve C is given by the parametric equations x = f (t) and y = g(t) such that C does

not intersect itself on the interval a <t <b then the arc length C, or the distance traveled
by a particle along the curve is given by

(S5 o

The displacement of a particle is the distance between its initial and final positions.
The displacement of a particle between time t =a and t =b is given by

Dispalcement = \/ U: x'(t) dt}2 +U: y'(t) dt}2

_J [x0)-x@] +[y0) - y@7

Example 1 o A particle moves in the xy-plane so that its position at any time t,
for 0<t,is given by x(t) =e' and y(t) = 2cos(t) .

(a) Find the distance traveled by the particle from t=0 to t=2.

(b) Find the magnitude of the displacement of the particle between
time t=0and t=2

Solution o (a)d—X:et, %:—Zsin(t)

b |(dx )’ dy 2
Distance traveled by the particle = I . (—j +(—j

_J' \/( ) 25|nt))

~7.035 Use a graphing calculator (in function mode)
to find the value of the definite integral.

(b) Displacement \/U: X(t) dt]z ; [ Ly dtT

=JU;et dtT +UO2(—25int) dtT

= /(6.389)% + (-2.832)°
~ \/48.8395

~ 6.988 Use a graphing calculator.
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Exercises - Arc Length (Distance Traveled Along a Curve) in Parametric Form

Multiple Choice Questions

1. The position of a particle at any time t >0 is givenby x=t—t* and y :%t3/2 . What is the total

distance traveled by the particle from t=1to t=37?

(A) 7.165 (B) 8.268 (C) 9.431 (D) 10.346

2. The position of particle at any time t >0 is given by x(t) = a(cost +tsint) and y(t) = a(sint —tcost) .
What is the total distance traveled by the particle fromt=0to t=x?

(A) %ﬂa (B) ra? (C) %ﬁza (D) %nzaz

3. The length of the path described by the parametric equations x =sint+In(cost) and y = cost,

T T . .
for =—<t<—,isgivenb
5 3 g y

(A) J‘ﬁ//j Jeos?t+2sint+2 dt
7/3 )

(B) _[ 6 ysin“t+2cost+2 dt
7/3 2

© _[ 6 Yeot“t+2cost dt

(D) J‘ﬂ//j sec?t—2sint dt
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4. A particle moving in the xy- plane has velocity vector given by v(t) = <et —t, tsint> fortime t>0.

What is the magnitude of the displacement of the particle between time t=0 and t =27

(A) 4.722 (B) 4.757 (C) 4.933 (D) 5.109

Free Response Questions

5. A particle moving along a curve in the xy-plane is at position (x(t), y(t)) atany time t, where

% = 2sin(t?) and 3—){ =cos(t). At time t =1, the object is at position (3,2) .

(a) Write an equation for the line tangent to the curve at (3,2) .

(b) Find the total distance traveled by the particle from t=1to t=3.
(c) Find the position of the particle at time t=3.

(d) Find the magnitude of the displacement of the particle between t=1 and t=3.
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8.3 Vector valued Functions

Vector Valued Function, Velocity Vector, Acceleration Vector, and Speed

If a particle moves in the xy-plane so that at time t > 0 its position vector is given by
r(t) =< x(t), y(t) >,

then the velocity vector, acceleration vector, and speed at time t are as follows.
Velocity = v(t) =r'(t) =< x'(t), y'(t) >

Accleration = a(t) = v'(t) =< x"(t), y"(t) >
speed = [v(t) =[x )] +[y®)]

If x(t) is increasing % is positive and if x(t) is decreasing % is negative.

If y(t) is increasing % is positive and if y(t) is decreasing % is negative.

Example 1 o A particle moving in the xy-plane is defined by the vector-valued function
f(t) =<t-sint,1-cost >, for 0<t<r.
(a) Find the velocity vector for the particle at any time t.
(b) Find the speed of the particle when t = %

(c) Find the acceleration vector for the particle at any time t .

(d) Find the average speed of the particle fromtime t=0 totime t=r.

Solution o (a) x(t)=t-sint, y(t) =1-cost
x'(t) =1-cost, y'(t) =sint
v(t) =< x'(t), y'(t) >=<1-cost,sint >

T T 1 1

b) X'(5)=1-cos==1-===

(®) (3) 3 2 2
T . T 3
—)=sin—=—
y(S) 3 2

Speed =

-{ Tl e - (2 -

(c) x"(t)=sint, y"(t) =cost
a(t) =< x"(t), y"(t) >=<sint, cost >

1 z , ,
(d) Average speed :mj.o \/ [x (t)]Z +[y (t)]Z dt

=1j " J@—cost)? + (sint)? dt=2
7?0 4
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Exercises - Vector Valued Functions

Multiple Choice Questions

1. If a particle moves in the xy-plane so that at time t > 0 its position vector is (t> —1,In+/t? +1),
then at time t =1, its velocity vector is

1 1 1 1
(A) (0.5) (B) &) © G3) @) @)

2. A particle moves in the xy-plane so that at any time t its coordinates are x =t>—t? and y=t+Int .
Attime t =2, its acceleration vector is

1 1 3 1
(A) (4.) (®) 6. © @) (B) A0.-2)

3. A particle moves in the xy-plane so that its position at time t > 0 is given by x(t) = e cost
and y(t) =e'sint . What is the speed of the particle when t =2?

(A) V2e (B) +/2¢? (C) 2e (D) 2¢?

4. If f isavector-valued function defined by f(t) = (In(sint), 2+ e’t) , then the acceleration vector is

(A) (-csc?t, 2+e™)
(B) (sec’t, 2+e™")
(C) (csc®t, 2—e™)

(D) (—csc®t-cott, 2+e™)
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5. A particle moves on the curve y = x++/X so that the x-component has velocity x'(t) =cost

for t>0. Attime t =0, the particle is at the point (1,0). Attime t= % the particle is at the point

(A) (0,0) (B) L 2) ©) (% %q/%) (D) (2, 2++/2)

6. Inthe xy-plane, a particle moves along the curve defined by the equation y = 2x* — x with a constant

speed of 20 units per second. If %> 0, what is the value of (cjj_)t( when the particle is at the point (1, 1)

(A) V2 (B) 2 (C) 22 (D) 4

Free Response Questions

7. An object moving along a curve in the xy-plane is at position (x(t), y(t)) attime t, where 3—: =1+cos(e') .

and ay _ e for t>0.
dt

(a) At what time t is the speed of the object 3 units per second?
(b) Find the acceleration vector at time t =2.
(c) Find the total distance traveled by the object over the time interval 1<t <4 .

(d) Find the magnitude of the displacement of the object over the time interval 1<t<4.
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8. An object moving along a curve in the xy-plane has position (x(t), y(t)) attime t >0, with

% =t—sin(e') . The derivative 3—¥ is not explicitly given. Attime t =1, the value of gy is 3

and the object is at position (1,4).

(a) Find the x-coordinate of the position of the object at time t =5.

(b) Write an equation for the line tangent to the curve at the point (x(1), y(1)).
(c) Find the speed of the object at time t =1.

(d) Suppose the line tangent to the curve at (x(t), y(t)) has a slope of (t—2) for t >0. Find the
acceleration vector of the object at time t=3.

9. The position of a particle moving in the xy-plane is given by the parametric equations x(t) =t —sin(xt)
and y(t) =1-cos(xt) for 0<t<2.

(a) On the axis provided below, sketch the graph of the path of the particle fromt=0to t=2.
Indicate the direction of the particle along its path.

y

(b) Find the position of the particle when t =1.
(c) Find the velocity vector for the particle at any time t .

(d) Write and evaluate an integral expression, in terms of sine and cosine, that gives the distance
traveled of the particle fromt=0to t=2.
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initial
position

X(t)

y()

7

Note: Figure not drawn to scale.

10. An object is thrown upward into the air 10 meters above the ground. The figure above shows the initial
position of the object and the position at a later time. At time t seconds after the object is thrown upward,
the horizontal distance from the initial position is given by x(t) meters, and the vertical distance from the

ground is given by y(t) meters, where (cji_)t( =1.4 and (cjj_)t/ =4.2-9.8t,for t>0.

(a) Find the time t when the object reaches its maximum height.

(b) Find the maximum vertical distance from the ground to the object.

(c) Find the time t when the object hit the ground.

(d) Find the total distance traveled by the object from time t =0 until the object hit the ground.

(e) Find the magnitude of the displacement of the object from time t =0 until the object hit the ground.

(f) Find the angle @, 0< 0 < % , between the path of the object and the ground at the instance the object
hit the ground.
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11. At time t, the position of particle moving in the xy- plane is given by the parametric functions
(x(), y(t)) , Where % =l —cos(x?) . The graph of y consisting of four line segments, is shown
in the figure above. At time t =0, the particle is at position (2,1).
(a) Find the position of the particle at t =2.
(b) Find the slope of the line tangent to the path of the particle at t =2.
(c) Find the magnitude of the velocity vectorat t=2.

(d) Find the total distance traveled by the particle from t=0 to t =3.
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8.4 Polar Coordinates and Slopes of Curves

Coordinate-System Conversion Formula

If a point P has rectangular coordinates (x,y) and polar coordinates (r,8),
then
X =rcosé, y=rsind,

rP=x21y?, tanf=2(x=0).
X

The slope of the tangent line to the graph of r = f (8) at point (r,8) is

dy d . dr .

— —(rsind) —sin@+rcosd
ﬂzg_fz dd9 =((jjf , Where d—x:tO at (r,0).
dx  O0x —(rcosd) ——cos@-rsind do

de dé déo

If r>0 and 3—; <0 for @ <@ < g, then r is decreasing on this interval, which means

the curve is getting closer to the origin.

If r>0 and g—; >0 for @ <6< B, then r isincreasing on this interval, which means

the curve is getting farther from the origin.

r - . -
If 3—0 =0, the curve is either closest to the origin or farthest from the origin.

Example 1 o A curve is defined by the polar equation r = 4sin(26) for 0< 6 s% .

(a) Graph the curve.
(b) Find the slope of the curve at the point where 6 = /4.

(c) Find an equation in terms of x and y for the line tangent to the curve at

the point where & :% .
(d) Find an interval where the curve is getting closer to the origin.

(e) Find the value of @ in the interval 0< 68 s% such that the point

on the curve has the greatest distance from the origin.

Solution o (@)
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(b) x=rcosé =4sin(20)cosé , 3—2 = 4(—sin(26)sin 6 + 2 cos(26) cos 9)

dx
do

= 4(-sinZsinZ + 2cos 2 cos ) = —24/2
0== 2 4 4
4

y =rsiné =4sin(26)sing, g—é = 4(sin(20) cos @ + 2 cos(26) sin O)

dy = 4(sinZcos = +2cos Zsin 2 = 242
do |,_~ 2 4 27 4
4
The slope of a tangent line to the polar curve is g—y
X
dy | _dyde| _ 22,
dx [,z dx/dO|, = 242
4 4
() x = rcosé = 4sin(20)cos 8, x(2) = 4sin(%) cos(Z) NLINPNS
4 2 4 2
. . . T .. .. 4
=rsind =4sin(20)sin@, y(=) =4sin(=)sin—=—==22 .
y (20)sin0, y() (2)4ﬁf
do_y
dx |7
4

The equation of tangent line is y — 242 = -1(x - 2\/5) or
y= —X+44/2.

(d) The curve is getting closer to the origin when 3—; <0.

£:8003(20)<0 = c0s(20)<0 = T 20<n
dég 2
= Tcp<Z

4 2

(e) The point on the curve is farthest from the origin when 3—; =0.

A0 = cos(20)=0 = 20-% = 9=~
do 2 4
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Exercises - Polar Coordinates and Slopes of Curves

Multiple Choice Questions

1. If r=6-3sin@ then g—; at (z,7) is

(A) 2 (B) x () 4 (D) 27

2 dr

2. If r= then — at (2,5) is
1-cosé do 2

(A) -2 (B) -1 (C) 0 (D) 1

3. If r=3sin@ then g—y at the point where 6:% is
X

(A) -2 (B) —/3 ) -1 (D) @

4. The equation of the polar curve is given by r = . What is the angle & that corresponds

1-cosé
to the point on the curve with x-coordinate —37?

(A) 1.248 (B) 1.356 (C) 1.596 (D) 2.214
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Free Response Questions

y
A
r =./0+cos(20) 1
T1
f f f f f { = X
-2 -1 0 1

5. The polar curve r = /@ +cos(26) , for 0< 6 < 7, is drawn in the figure above.

(@) Find g—;,the derivative of r with respectto 4.

(b) Find the angle & that corresponds to the point on the curve with x-coordinate 0.5.

(c) For % <0< i—;[ , g—; is negative. What does this fact say about r ? What does this fact say

about the curve?

(d) Find the value of @ inthe interval 0 <6 s% that correspond to the point on the curve in the

first quadrant with the least distance from the origin. Justify your answer.
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8.5 Areas in Polar Coordinates

Area in Polar Coordinates

The area of the region bounded by the graph of r = f(#) between the radial lines § =« and
6 = isgiven by

1cp 2
A:EJa [f(0)] do

=%_[f rde

Example 1 o Find the area of the region that lies
inside the circle r =3cos@ and
outside the cardioid r =1+cos@ . r=14cos6

Solution o Find the points of intersection of the
two curves. 0

3cosé =1+cosé
= 00549:i = g=+2
2 3
The desired area can be found by
subtracting the area inside the cardioid
between 6 =-7/3 and 6 = 7/3 from the

area inside the circle between 6 =—-7/3 and 6 =7/3.

A:%jf r2dg
:%L’Zz [(3005:9)2 —(1+cos€)2] deo

=2 1.[ #/3 [(3(:05 )% — (1+cos Q)ZJ do The region is symmetric about
270 the horizontal axis 6 =0 .

=j 7;/3 [(8c052¢9—200$¢9—1)J do
_,[ /3 8(l+0032¢9 1+cos260
“Jo 2 2

)—20059—1} dé cos’0 =

= J' 7;/3 (3+4c0s26 —2cos ) do

/3

=[36+2sin26-2sin0g] |

=7+l3-\3=x
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Exercises - Areas in Polar Coordinates

Multiple Choice Questions

1. The area of the region enclosed by the polar curve r? =6sin(26) is

(A) 2 (B) 4 (C) 6 (D) 12

2. What is the area of the region enclosed by the loop of the graph of the polar curve r = 2cos(260)
shown in the figure above?

® = ® 2 © = (D) z

3. The area of the shaded region that lies inside the polar curves r =sin& and r =cosé is

®) S~ ®) 32 © S(:-2) ©) £(e-1
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4. The area of the region enclosed by the polar curve r =2+siné is

() 32 ® = (©) 4 © &

5. The area of the shaded region bounded by the polar curve r =@ and the x-axis is

7Z'2 72'3 72'3 72'3
A - ®) & © = ©) =

6. Which of the following gives the area of the region inside the polar curve r =1+cos8 and
outside the polar curve r =2cosé?

A) %j;” (1-cos0)? do
®) | 02” (1+2c0s0)? do
© | 02” (1+c0s6)? dO —x

1¢ 27 2
(D)Ej0 (1+cos6)? do —x
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Free Response Questions

/" r=2+cos(20)

7. The figure above shows the graphs of the polar curves r =2+cos(26) and r=2. Let R, be the
shaded region in the first quadrant bounded by the two curves and the x-axis, and R, be the shaded

region in the first quadrant bounded by the two curves and the y-axis. The graphs intersect at point P
in the first quadrant.

(a) Find the polar coordinates of point P and write the polar equation for the line ¢.
(b) Set up, but do not integrate, an integral expression that represents the area of R; .
(c) Set up, but do not integrate, an integral expression that represents the area of R, .

(d) Let R, be the shaded region in the second quadrant bounded by the two curves and
the coordinate axis. Find the area of R;.

(e) The distance between the two curves changes for 0 < 8 <% . Find the rate at which the distance

between the two curves is changing with respect to € when 6 = % .
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8. The graph of the polar curve r=2+2cos(d) for 0< 6 < is shown above.
(a) Write an integral expression for the area of the shaded region.

(b) Write expressions for j_x and dy interms of 4.

(c) Write an equation in terms of x and y for the line tangent to the curve at the point where 9 :% .
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Infinite Sequences and Series

9.1 Sequences and Series

A sequence is an ordered list of numbers
a, Ay, Ag, ..., Ay, e

whereas a series is an infinite sum of a list of numbers
& +a,+agt+-+a, +ooe.

Mathematically, a sequence is defined as a function whose domain is the set of positive
integers.

If asequence {a,} has the limit L, where L isareal number, it is written as
lima, =1L,

n—oo
and we say the sequence converges to L . If the sequence does not have a limit we say
the sequence diverges.

Given a sequence of numbers of {an} , an expression of the form

o0
Day=a+taytagtota, oo
n=1

is an infinite series.

For the infinite series Zan , the nth partial sum is given by

n
Sy= & =8 +a,+ag+-+a,.
i=1
If the sequence of partial sums converges to a limit L, we say that the series converges,
and its sum is L. If the series does not converge, we say that the series diverges.

The geometric series a+ar+ar? +---+ar"™* +... converges to the sum
= a
Dar™t =" if |r|<1.
n=1 1-r

If |r| =1, the series diverges.

A series is a telescoping series if it is in the form
(@ —ay)+(a; —ag)+(a3—a,)+(a, —ag)+ - - -

Since the nth partial sum of the series is S, = a —a,, , a telescoping series converges

n+1?

if and only if lima, =L, where L isa real number.

n—o0

The sum of the seriesis S=a, — L.
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Limit of nth Term of a Convergent Series
If the series Za converges, then I|m a,=0.
n=1

The converse of this theorem is not true in general. But the contrapositive of this theorem
provides a useful test for divergent series.
nth Term Test for Divergence

If lim a, does notexistor lima, = 0, then the series Za diverges.

n—o n—oo =1

Example 1 o Find the sum of the series.

(@) Z

2n+1

(®) Zn(n+1)

Solution o (a) ZZM :i —22[ j
n=1 n=1

n=1

© n
Z(E] is an infinite geometric series with a = 2 and r= E
o 3 3
iz”“_z. 2/3
= 3 1-2/3
(b) a, = ! =[l——1 j Partial fractions
n(n+1) n n+l
S = 1_1 + l_l + + E_L —1_L
"1 2)\2 3 n n+l) T n+l
Z ! =lim§, = Iim(l—i) =1 Sum of the telescoping series
=nn+l) now oo N+l

Example 2 o Determine whether the series is convergent or divergent.

o0 n o0
(@) (b) 275"
§2n+3 nzz‘i
Solution o (a) lima, =lim n _1
n—ow n—ow 2n+3 2

Therefore, the series diverges by the nth Term Test for Divergence.
0 0 n 0 5 n 5
() Y 2"" =) —= Z(Ej is an infinite geometric series with r = >
o -

Since |r|=[5/2| =1, the series diverges.
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Exercises - Sequences and Series

Multiple Choice Questions

(A) = (B) g © % (D) The series diverges

2. If f(x):i(tan x)" , then f(1)=

n=1
(A) —2.794 (B) —0.61 (C)0.177 (D) The series diverges
> 2
3, zz o=
1 3
(A) O ® 3 ©1 ©) 5

4. The sum of the geometric series i+—+i+. .. s
21 63 189

5 2 4 L
A) — B) = C) — D) The series diverges
(A) o1 ( )7 ( )7 (D) g
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3 N (@+n)®
5 If S, = , to what number does the sequence {S } converge?
" @+n)?® 3" "

1 7 7\? .
(A) 3 (B) 1 © (Zj (D) Diverges

6. Which of the following sequences converge?

cos® n e"-3 n
. {(1_1)”} 1. { 7 } 1l. {9+\/ﬁ}

(A) lonly (B) Il only (C) Ml only (D) Iand Il only

7. Which of the following series converge?

= n & o —6
l. nZ:; 00D 1. nZ:;arctann Il nZ:; o
(A) lonly (B) Il only (C) Ml only (D) I1and Il only

Free Response Questions

8. Find the sum of the series Z( 3 +i]
~ {n(n+3) 7"
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9.2 The Integral Test and p-Series

The Integral Test

If f is positive, continuous, and decreasing on [1,«) and a, = f(n), then

5ian and I:jf(x)dx
n=1

either both converge or both diverge. In other words:

1. If Zan is convergent, then .[:O f (x) dx is convergent.
n=1

2. If Zan is divergent, then .[lw f (x) dx is divergent.
n=1

Example 1 o Determine whether the series is convergent or divergent.

0

@ >t (o) SN

n=1N +1 n=1 n

Solution o (a) The function f(x) :],/(x2 +1) is continuous, positive, and
decreasing on [1,oo) so we can use the Integral Test:

. b 1 . _ b
_[ — dx=lim | © —— dx= lim [tan 1Xj|
1 %41 b—swd 1l x4 41 b—o0 1

=HmDm4b4m4ng—%=%

b—oo
So the series converges.

Note : The fact that the integral converges to z/4 does not imply
that the infinite series converges to z/4.

(b) The function f(x) =Inx/x is continuous, positive, and
decreasing on [1,oo) so we can use the Integral Test:

b
% Inx . cbInx | In?x
_[ —dx:llmj — dx=lim
1 X X L

b—w b—o 2

So the series diverges.
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p- Series and Harmonic Series
&1
The p-series > — =444+
=nP

is convergent if p>1 and divergentif 0< p<1.

| 1 . . .
For p=1, the series Z_:1+_+_+Z+ -+ - is called harmonic series.
n
n=1

A general harmonic series is of the form Z ( b
an+

Example 2 o Determine whether the series is convergent or divergent.

(a) 1+ 1 L_FL_{_...

1
—4——=+
Y4 3o 36 325

(b) i nlflr
n=1

Solution o (a) 1+i

FRESE SR SO SN S O

The p- series is divergent since p =2/3<1.

6) S =Yty L
n=1 n=1 n

n=1

The p- series is convergent since p=7z-1~2.14>1.
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Exercises - The Integral Test and p-Series

Multiple Choice Questions

1. If J' » O 1 =% , then which of the following must be true?

LY ! . diverges.

n. > 21 . converges.

my L =%

(A) none (B) lonly (C) I only (D) Il and Il only

2. What are all values of p for which J.:osL converges?
xP
(A) P<-3
(B) P<-1
(C) P>1
(D) P>3

3. Which of the following series converge?

0

- oy ne m. 3 1

~ 2n’+1 ~ = xlInx

(A) lonly (B) Il only (C) il only (D) Iand Il only
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Jn

4. What are all values of p for which )’

) converges?
n=1 N°+

(A) p>0 ® p>> (©) p>1 ©) p>~

5. What are all values of k for which the series 1+ (v2)* + (+/3)* + (V4)* +-+-+ (/n)* +---
converges?

(A) k < -2 (B) k <-1 ) k>1 (D) k >2

Free Response Questions

6. Determine whether the following series converge or diverge.

€)] 1+—+i+i+
8 27 64
1 1 1
b) 1
Oy @Ry @
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9.3 The Comparison Test

Direct Comparison Test

Let O<a, <b, foralln.

1.1f )b, converges, then > a, converges.
n=1 n=1

2.1f > a, diverges, then b, diverges.

n=1 n=1

Limit Comparison Test

. a e . Lo
If a, >0, b, >0,and lim— =L, where L is finite and positive, then both series either

n—o

converge or both diverge.

Note: When choosing a series for comparison, you can disregard all but the highest powers
of n in both the numerator and denominator.

Example 1 o Determine whether the series is convergent or divergent.

0 B a2
n sin“n
@ > (b)
=n?-3 nZ; n® +1
. n n 1
Solution o (@) 5 >—2=—foralln22.
n“-3 n° n

0

1. . . .
Z— is divergent harmonic series.
n=2

Therefore Z is divergent by the Direct Comparison Test.
n=2

n? -3

fa2 fa2
sin°n  sin“n 1 1
(b) = < <—— for n>1.
Jnds1 n¥?41 n¥241 n¥?

Z% is convergent because it isa p- series with p=3/2>1.
-1 N

sin’n

Therefore Z

is convergent by the Direct Comparison Test.
3
n=1vn” +1
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Example 2 o Determine whether the series is convergent or divergent.

© 1 0 2n
b
@ nz=‘1\/n2+4 ®) nZ:33n+1

Solution o (a)Let a, = and b, ==
n®+4
2
. a . n“+4 .
lim 2= Ilml/ = lim =1
noo b oo ]7/n N n2 14

Since an = Zl/n is a divergent (harmonic series), the given series

diverges by the Limit Comparison Test.

2" 2"
(b) Let a, =m and b, =3—n

n n n
fim 2 jim 27/G ) _ 3

= _— :1
n—w bn n—w 2”/3” n—o 3” +1

n
Since )b, = zz—n => (g)n is a convergent geometric series,

the given series converges by the Limit Comparison Test.
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Exercises - The Comparison Tests

Multiple Choice Questions

1. Which of the following series converge?

&2 1 2, cos®n 2 1+4"
I _ 1. II.
g{ n>+n+3 nzz‘{ n?+2 ,g{ 3"
(A) lonly (B) Il only (C) Ml only (D) Iand Il only

2. Which of the following series diverge?

& & 1 T |
I — Il. M. sin(—)
1 N nz;i n+2 nz=‘1 n

(A) lonly (B) Il only (C) Il and Il only (D) I, 1, and N

3.Which of the following series converge?

3/2

Ly L

3
n 3NT+7 n=1 3n4+

-

>

Il

[N
S

(A) lonly (B) land Il only (C) Iand Il only (D) I, 1, and I
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4. Which of the following series cannot be shown to converge using the limit comparison test

with the series z in ?
n=1

= 1
(A nZ:‘I 1
Zn
(B) Zi o
© i 2n

i 2n% —3n
(D) Z ng.2
1 2'(n“+n-100)

Free Response Questions

5. Determine whether the following series converge or diverge.

= cos(2n)
@ nzzi 1+(1.6)"

03

n=1 2" +3"
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9.4 Alternating Series and Error Bound

Alternating Series Test

Let a, > 0. The alternating series
> (-D"a, and > (-)"a,
n=1 n=1

converge if the following two conditions are met.

1. lima, =0 2 a

n—o0

<@, forall n greater than some integer N .

Alternating Series Estimation Theorem (Error Bound)

If S, isapartial sumand S = Z(—l)”an is the sum of a convergent alternating series that
n=1

satisfies the condition a,,; <a,, then the remainder R, =S —S,, is smaller than a,
is the absolute value of the flrst neglected term.

.1, which

|Ra|=[S -S| <4

n+1

Definition of Absolute and Conditional Convergence

1. )" a, is absolutely convergent if " [a | converges.

2. )" a, is conditionally convergent if " a converge but )  |a,| diverges.

Example 1 o Determine whether the series is convergent or divergent.

0 (_l)n
(@)
2
Solution o (a) 1. Ilma I|m——0 2. a —L<i—a
oo n—)oo\/_ b n+1 /n+1 \/ﬁ n
So the series is convergent by the Alternating Series Test.
1
(b) 1. lima, = I|m =
n—>o ©2n-1 2

So the series is divergent by the nth Term Test for Divergence.

Example 2 o Determine whether the series is absolutely convergent, conditionally convergent,

or divergent.

(a) Z( l)n Q/_ (b) i(_l)n+ln—2/3
n=1
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Solution o (a) Since 0 gizs%—e(—) and Z— is a convergent p-series (p=2>1),
n “=n?
nn
Z£ converges, and so z( D" Ve is absolutely convergent.
n2

n=1

. .1
b) 1. = — =
O1. ma, = i =
1 1

———<———=a
(n+1)2/3 (n)2/3 n

n+l =

So the series Z(—l)"*ln’z/3 is convergent by the Alternating Series Test.
n=1

Now consider the series of absolute values.
Z‘(—l)””n’z’?" =Y n?? isadivergent p-series (p= % <1).
= =

1

Thus, > (-1)™*n"** is conditionally convergent.
n=1

2 4 6 n 2n
Example3 o Let f(x)= 1 X X )X
2! 41 6! (2n)!

Use the alternating series error bound to show that 1—%+% approximates f (1)

with an error less than i.
500

_ n
Soluion o f@-1-—+t 1, CD
20 1 6 2n)!

Since series is alternating, with terms convergent to 0 and decreasing in absolute value,
the error is less than the first neglected term.

1 1
f -——+— —<—
@)= 2' ) 6! 720 500
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Exercises - Alternating Series Tests

Multiple Choice Questions

1. Which of the following series converge?

. i D" 1. i Y’ 1. i cos(nz)
n=1 n i Inn n=1
(A) lonly (B) Il only (C) Ml only (D) Iand Il only

2. Which of the following series converge?

S %3 < . ,2n-1 o qynsl 2N
l. nzﬂ( 1) cos(n) 1. nzl sin( > 3 Il Z{( 1) =1
(A) lonly (B) Il only (C) il only (D) Iand Il only

kn nz\/ﬁ

(=Y S
and converge?
\/ﬁ nZ:; nk +1

3. For what integer k, k >1, will both )"
n=1

(A) 3 (B) 4 €5 (D) 6

3

0 _ n+l
4. Lets=) D and s, be the sum of the first n terms of the series. If s—s,| <$ what is
n=1 n

the smallest value of n?

(A) 6 (B) 7 ©) 8 (D) 9



284 Chapter 9

5. Which of the following series converge?

1. i (-)" 93 1. i 3n;1 1. i (tan"(n+1)—tan*(n))
n=2 n=1 7 =1
(A) lonly (B) Il only (C) il only (D) I1and I only

0 _n\h+l
6. Which of the following statements about the series z Lm is true?
n=1 n
(A) The series converges conditionally.
(B) The series converges absolutely.
(C) The series converges but neither conditionally nor absolutely.
(D) The series diverges.
7. Which of the following series is absolutely convergent?

) _\n-17.2
o 3 Ut
-1 n
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© _1\n-1
8. An alternating series is given by S = z ( 21) ~ Let S; be the sum of the first three terms of
n=1 n-+

the given alternating series. Of the following, which is the smallest number M for which the
alternating series error bound guarantees that |S - 33| <M?

1 1 1 1
A5 ®) 2 © 15 (D)

Free Response Questions

2 3 A\ (240
9. Let f(x)o1-X X 20 D)
21 4 el (2n)!

Use the alternating series error bound to show that 1—%+% approximates f (1) with an

error less than i.
20
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9.5 The Ratio Test

Ratio Test

Let Zan be a series with nonzero terms.

a,.
1. ) a, converges absolutely if lim |- <1.
n—o0 a
a,,
2. > a, diverges if lim |25 5 1 or fim |20 =
n-o| a n—o a

. .. |
3. The Ratio Test is inconclusive if lim |2 =1.

n—o an

Example 1 o Determine whether the series is convergent or divergent.

@33 O Che
n ! n=1 5" 12" -1
1 1
Solution o (a) i [ _ i [37 | 3 e
naoo| a, | n—o | 3n/n| | n4w|(n+1)| 3n
= lim 3 =0<1
n—o|n+1

Thus, by the Ratio Test, the series converges.

OO PP N . i L il BN GRS Vil
naoo| a, | naoo| (- 1)nn3/5n | now 5™l 3
3
=||m1[n_+1j :1<1
n—w 5 n 5

Thus, by the Ratio Test, the series converges.

n+l n+l n+1 n_
(@ggﬂ"”Lﬂgjsl’Qn D) | 321
la, | nos| 3/ -1 | no=2"io1 3
i 32" -)| j 30-1/2") 3

Taln| 21| e 2 120 2

Thus, by the Ratio Test, the series diverges.
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Example 2 o Determine whether the series is conditionally convergent or absolute convergent.

gy N - (D)"e"
@ nzzl(—l) 23 (b) ET

a”+1|=|i |( " Vn+1 /(n+4)|_ \/n+ n+3

a | P Ry | T nee h
. n+1 1 n+3

= lim

n—ow n+4

Solution o () IimI

n—o

The Ratio Test is in conclusive. Try a different test.

In this case, you can apply the Alternating Series Test.

1. lima, —|umﬂ=0
n—o n—wo N+3
~Vn+ln

<——=a, forn>3
" (n+)+3 n+3

So, the series is conditionally convergent.

o im0 [ €
n—w an| n—>oo| e"/nl! n—m (n+1)l n
—lim——=o0

n—>oN+1

So, the series is absolutely convergent.
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Summary of Tests for Series

Test Series Conditions of Convergence or Divergence
n th-Term Z a, The series is divergent if lim a, # 0. Test is inconclusive if lim a, = 0.
n=1 X—0 X—>00
. . o _ L . . . a
Geometric Series > ar"? The series is convergent if |r|<1, divergent if [r|>1. S =
n=1 —-r

Telescoping Series Z (@ —an.) The series is convergent if lima, =L. S=a -L

n=1 X—>0
Seri y 1L
p-Series HZ; ne The series is convergent if p > 1, divergent if p <1.

Alternating Series | > (-1)""a, | The series is convergent if lima, =0 and O<a,,, <a,.
n=1

X—o0

Iff is positive, continuous, and decreasing for x >1and a, = f (n),
Integral i a, then the series converges if Lw f(x) dx converges, diverges

if LOO f (x) dx diverges.

. .. |a . . la
The series is convergent if lim | =% <1, divergent if lim || > 1,
1 < N—w n—w| a
Ratio Z a,
. ... la
n=1 inconclusive if lim =] =1.
n—o an

Let 0<a, <b, foralln.If > b, converges, then > a, converges.
Direct Comparison | > a, " o n=1

n=1 If > a, diverges, then > b, diverges.

n=1 n=1

Suppose that a, >0, b, >0, and Iim(Z—”) =L. Then Zan converges
Limit Comparison | > a, . . e n-L
n=1 if > b, converges and )" a, diverges if > b, diverges.

n=1 n=1 n=1
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Exercises - The Ratio Tests

Multiple Choice Questions

1. Which of the following series converge?

. ii n i 31 . g n(%)n

(A) lonly (B) Il only (C) Il and Il only (D) I, 1, and 1

2. Which of the following series converge?

S 5 () S
l. HZ‘I 5 1. nzj; )] nz 5
(A) lonly (B) Il only (C) l'and Il only (D) I, 1, and 1

Free Response Questions

3. Determine whether the following series converge or diverge.

(@ i n!

n=1 N 2"

>, cos" x
O
n=0

z 3kl
()Z (k +3)!
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9.6 Convergence of Power Series

Power Series

A power series about x =0 is an infinite series of the form
o0
Dax"=ag+ax+a,x +ax+ - - +a x"+
n 0 1 2 3 n
n=0

where X is a variable and the a,’s are constants.

More generally, a series of the form

n=0

is called a power series centered at ¢, or a power series about c.

Convergence of a Power Series
For a power series centered at ¢ there are only three possibilities:
1. The series converges only at x =c.

2. The series converges for all x.

3. There exists a real number R >0 such that the series converges for |x—c| <R, and

diverges for [x—c|>R.

The number R is called the radius of convergence of the power series.

In most cases, R can be found by using the Ratio Test. The Ratio Test
always fails when x is an endpoint of the interval of convergence, so
each endpoint must be tested separately for convergence or divergence.

If the series converges only at c, the radius of convergence is R=0.
If the series converges for all x, the radius of convergence is R = .
The set of all values of x for which the power series converges is the
interval of convergence of the power series.

ian(x—c)”:a0+a1(x—c)+a2(x—c)2+ Cra(x=o) - -

Example 1 o Find the radius of convergence and interval of convergence of

. 0 (_Z)H Xn
the series » ——.
nZ:(:) Jn+3

Solution o Let an=(—2)”x”/\/n+3.

i 2| Iim|(_2)n+1xn+1. Jn+3 |= Iim|(—2)X\/n+3|=2|X|
ool ay | now| Jned (2| o Jn+d |

By the ratio test, the given series converges if 2|x| <lor |x| < % .

Thus the radius of convergence is R =% .
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Example 2 o

Solution

O

Example 3 ©

Solution

O

The inequality || <% can be written as —% <X< %

We must now test for convergence at the end points of this interval.

When x = —% , the series becomes

S S T

which is a p-series and diverges since p=1/2<1.

When x = % , the series becomes

(2'02)" (D" 1 1 1 1

5 n+3 _n:O\/n+3 3 \/_ N3 \/_

which converges by the Alternating Series Test.

M

>
]

So the interval of convergence is [—% 1}

Find the radius of convergence and interval of convergence of the series

in!(Zx)n .
n=0

Let a, =n!(2x)".

(n+1)1(2x)"*
n!i(2x)"

lim

n—o

lim M —
n—o0 an

= lim |(n+1)(2x)|

=|2x|lim|n+1 = if x=0,s0 R=0 and the series converges only for
n—oo
x=0.

Find the radius of convergence and interval of convergence of the series

i nZXn

n=0 n!
n?x"
Let a, = Y
2 n+1 2
im | i (0D —. 2!n|=|im|(2+1) X
n>ol @ rHoc| (n+)!  nx | n»oo|n (n+1)|
n+1
=i ] =

The series converges for all x, so R =o0 and the interval of convergence
is (—oo,oo).



(A) 2<x<2 (B) -2<x<2 (C) -2<x<2 (D) Allreal x
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Exercises - Convergence of Power Series
Multiple Choice Questions
0 (_1)n+lxn
1. What are all values of x for which the series Z =————— converges?
n=1 n
(A) -1<x<1 (B) -1<x<1 (C) -1<x<1 (D) -1<x<1
. . Z n(x-2)"
2. What are all values of x for which the series Z 3—“ converges?
n=0
(A) -1<x<5 (B) -1<x<5 (C) -2<x<4 (D) 2<x<4
e Xn+1
3. What are all values of x for which the series Z converges?
i (n+1)!
(A) 0<x<?2 (B) 0<x<2 (C) -1<xx<2 (D) Allreal x
. S (="
4. What are all values of x for which the series Z converges?
n=2 2n\/ﬁ



Infinite Sequences and Series 293

5. What are all values of x for which the series z n!(3x—2)" converges?
n=1

(A) No valuesof x  (B) (—oo,%] (©) x:% (D) [%,oo)

Free Response Questions

6. Find the radius of convergence and the interval of convergence for the series
i 2-4.6-----(2n) el
~ 1.3.5-----(2n-1)
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9.7 Representations of Functions as Power Series

Geometric Power Series
. . 1 . .
A power series representation for f(x) = T can be obtained from the sum of a geometric
—X
e a .
series Zar” :1—, ifyoulet a=1and r=x.
n=0 —-r

Therefore i=Zx”=1+x+x2+x3+-~, X <1.
1-x n=0

Example 1 o Find the first four nonzero terms and the general terms for the

power series expansion of the function given by f(x) = 2 >
+X
. 2 2 . . . .
Solution o f(x)= > =———— Isageometric series with a =2 and
1+x°  1-(=x%)

r=-x2.

Therefore, f(x)=2-2x*+2x*—2x%+---+(-1)"2x*" +---.

Example 2 o Find the first four nonzero terms and the general terms for the
2
. . L X
power series expansion of the function given by f(x) = Tx
+X

2 2

Solution o f(X)=——-=
1+x 1-(-Xx)

r=-X.

is a geometric series with a = x*and

Therefore, f(x)=x2—x3+x* —x® 4+ (=D)"x"2 +...
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Differentiation and Integration of Power Series

If the function given by
f(x)=>a,(x-c)"
n=0
—ay+a(x—c)+a,(x—¢c)?+ - - - +a,(x-c)"+ - - -

is differentiable, the derivative and antiderivative of f are as follows.
L f'(x) =Y na,(x—c)"*
n=0
=a +28,(x—C)+3a5(x—c)’ + - - -

0 (X _ C)n+l
2. | f(x)=C+ ) a,———
J. 9 nZ:O " n+l
_~\2 )3
(x—c) +a2(x C) .
2 3
The radius of convergence of the series obtained by differentiating or integrating a power series

is the same as that of the original power series. However the interval of convergence may differ
as a result of the behavior at the endpoints.

=C+ay(x-Cc)+a

© (_\N(y 9\
Example 3 o Let f bea function given by f(x):z—( ) (x=2) .
1 n
Find the interval of convergence for each of the following.
@ f(x) (b) £'(x) (c) j f(x) dx.
n+l n+1
Solution o (a) Iim|a”+1|= Iim|(_1) (x=2)™" n |
welay | el el ()N (x-2)|
. n
=lim|(x-2)—]=[|x-2
n»w( )n+l‘ | |

By the Ratio Test, the series converges if [x—2|<1.

|x—2|<1 = 1<x<3.

Now check the endpoints.
1

n n
If x=1, f(x)= -2 1 , which diverges by the p-Series Test.
n n

n n n
If x=3, f(x)= ) G-2) Y , which converges by the
n n

Alternating Series Test.

The interval of convergence is (1, 3] .



296 Chapter 9

o ¢ q\n _ n-1 0
() '(x)= z% = ()" (x-2)
n=1 n=1

©
n— n

||
a, | |( )" (x-2)""|

[x-2|<1 = 1<x<3. Check endpoints.
If x=1, £'() = (-)"@-2)"* = 3 (-,
n=1 n=1

which diverges by the nth-Term Test.

Iim|
|

If x=3, f'(x)= i(—l)”(3—2)”’1 = i(—l)” ,
n=1 n=1

which also diverges by the nth-Term Test.

The interval of convergence is (1,3) .

D"(x=2"
(c)_[f(x) dx = C+§W

|im|an+1| lim )™ (x-2)"?  n(n+1) |
e ay | n*°°| (n+1)(n+2) (1)"(x—2)”+1|

= lim -2|

N—o0

n(x—2) :|x
n+2

|x-=2]<1 = 1<x<3.Check endpoints.

it x=1, [ g ax=c+3 V2T _¢ S0

=~  n(n+l) “nin+l)
. 1
which convergent because —.
n(n+1) n?

|fx_3,jf(x)o|x_C+nZ:‘I n(n+1) nZ::(n+l)

which also converges by the Alternating Series Test.

The interval of convergence is [1,3].
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Exercises - Representations of Functions as Power Series

Multiple Choice Questions

1. The power series expansion for % is z x" . Which of the following is a power series
- n=0

?

expansion for
+ X

(A) 1+x2+x* +x8 +---

(B) 1-x3+x° =x7 +---

3 6 9

© 1 2 X X
9

(D) 1—X—3+£—£+
3 6 9

2. The power series expansion for % is Z x". Which of the following is a power series
- n=0

expansion for L?
2—X

2 3
(A) AL
2 4 8

x> X3

X
B) l-——+———+--
®) 2 4 8

2 3
(C) £+1+X_+X_+...
2 4 8 16

2 3
(D) 1_5+X__X_+...
2 4 8 16
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n (X=2)" 2) (x-2° (x-2° (x-2*
3. If f(x)= nZ;(l) =(x-2)- TR TR

represents f'(x)?

+---, which of the following

(A) z ( 1)n+1 (X 2) m~t

n (x=2)"*
(n+1)!

n+l (X 2) i

(B)Z( D
(C)Z(l)

(D)Z(l) n(X=2) 2)

Free Response Questions

4. A power series expansion for f(x) = % can be obtained from the sum of the geometric series
—X

Z :— ,ifyoulet a=1 and r =x.. Let g(x) be defined as g(x) =

(a) Write the first four terms and the general term of the power series expansion of g(Xx).

(b) Write the first four terms and the general term of the power series expansion of g(x?).

(c) Write the first four terms and the general term of the power series expansion of h,
where h(x) =j g(x?) dx and h(0)=0.

(d) Find the value of h(1).
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5. The function f is defined by the power series

% e @D ¢ B TxE g @na )X
f00 =2, OO o e Y g

for all real numbers x.

(@) Find f'(0) and f"(0). Determine whether f has a local maximum, a local minimum, or
neither at x = 0. Give a reason for your answer.

(b) Show that 1—%+% approximates f (1) with an error less than i.

(c) Let g be the function given by g(x) = j: f (t) dt . Write the first four terms and the general

term of the power series expansion of 909 .
X
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9.8 Taylor Polynomial and Lagrange Error Bound

nth Taylor Polynomial and nth Maclaurin Polynomial
If a function f has n derivatives at c, then the polynomial

f "’(C)

P,(x)= f(c)+ f'(c)(x—c)+ L ( )(x c) —(x- c) (x-¢)"

f(n)(C)
n!

is called the nth Taylor polynomial for fatc. If c= 0 , then
" " (n)
PO 10, 100,

P,(x)=f(0)+ f'(0)x+ 3 v

is called the Maclaurin polynomial for f.

Guidelines for Finding a Taylor Polynomial

1. Differentiate f(x) several times and evaluate each derivative at c.
f(0), £'©), (), £7(c), - - ()
2. Use the sequence developed in the first step to form the Taylor coefficients

_ ")
nt

Examplel o Let f be the function given by f(x)=In(2-x). Write the third-degree Taylor
polynomial for f about x =1 and use it to approximate f(1.2).

Solution o f(x)=In(2—x) f1)=In@2-1)=In1=0
f'(x)=2%1x f'(1)=2‘—_11=—1
£7(x) = (2j<)2 f7(1) = (2:11)2 _
0= =
P = 10+ F@x-H -+ x-22+ L gy

— -1t x-1? L x—1)
= (=) =S (x=1)" =2 (x-1)

f1.2) ~ Py(1.2) = —(1.2-1) —%(1.2—1)2 —%(1.2—1)3
~ —.222666
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Lagrange Error Bound

If f has n+1 derivativesat ¢ and R (x) is the remainder term of the Taylor polynomial
P, (x), then f(x)=P,(X)+R,(X).
So R, (x) = f(x)—P,(x) and the absolute value of R,(x) satisfies the following inequality.

n+1
n+ x-¢
|Rn(X)|:|f(X)_Pn(X)|SmaX‘f( l)(k)"|(n-1-:||_)! ’

where max‘ f (D (k)‘ is the maximum value of f ™™ (k) between x and c.

The remainder R, (x) is called the Lagrange Error Bound (or Lagrange form of the
remainder).

Example 2 o Let f be the function given by f(x)=sin(3x—%),and let P(x) be the
third-degree Taylor polynomial for f about x=0.

(@) Find P(x) .

(b) Use the Lagrange error bound to show that | f (0.2) - P(0.2)| < ﬁ
Solution & (2) () =sin(3x~) f(0) =sin(-%) :—%

f'(x) = Scos(Sx—Z) f'(0) = 3cos(—£) = ﬁ
6 6 2
. V4 .oory 9
f"(x) =-9sin(3x—— f"(0) =-9sin(-—=) ==
() ( 6) (0) ( 6) >

273

T T
f"(x) =-27cos(3x —— f"(0) = -27cos(—=) = ————
(x) ( 6) (0) ( 6) >

P(X) =_1+ﬁx+9/_2)(2 +L\/§/ZX3
2 2 2! 3!
_ 1,38, 9, 9B,
2 2 4 4

() f@(x)=81sin(3x-2) = max ‘f(‘" (k)‘ =81 since the maximum value
6 0<k<0.2
of sine and cosine functions is 1. Therefore

0.2— O)(M) The polynomial was created
at x =0 and the approximation

|£(0.2)- P(0.2)| < max \f(“’(k)\(
0<k<0.2 is made at x=0.2.

B+1!

4
(02)° _,, 0.0016
41 24

<81.

=0.0054 < 1
100
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Exercises - Taylor Polynomial and Lagrange Error Bound

Multiple Choice Questions

1. Let P(x)= 1 2 22 40,20 hethe fourth-degree Taylor polynomial for the function f

3 3

about x =0. What is the value of f*(0)?

32 4 8 16
A) = ®) -3 © 3 ®)

be the sixth-degree Taylor polynomial for the function f
12 360

2. Let P(x)=4-3x*+

about x=0. What is the value of f"(0) ?

121 3 121
(A) TS (B) - (C) o (D) &

3. Let f be afunction that has derivatives of all orders for all real numbers. If f()=2, f'(1)=-3,
f"()=4,and f"(1)=-9, which of the following is the third-degree Taylor polynomial for f
about x=17

(A) P(x)=2-3(x—1)+2(x—1)? —g(x -1)3

(B) P(x) =2-3(x+1)+2(x+1)? —g(x+1)3

(C) P(x)=2-3(x-1)+4(x-1)? -9(x-1)°

(D) P(x)=2-3(x+1)+2(x+1)? -3(x+1)3
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4. The third-degree Taylor polynomial of xe* about x =0 is

12,13
A) B(X) =X—=X"+=X
(A) Py(x) > X s

(B) Py(x) = x+x? +%x3
(C) Py(x) = x+x* —%x3

1, 14
D) P,(X) =1-X+—=X"—=X
(D) R (¥) 5 5

5. The second-degree Taylor polynomial of secx about x :% is

(A) Pz(x)=1+\/§(x—%)+\/§(x—%)2

@®) P09~ 2 £( By i( k-2

2
© Pz(x)=ﬁ+ﬁ(x—§)+i<x——)

3\/_ g)z

(D) Py(x) =1++2 (x——)+ 7

6. Afunction f has derivatives of all orders at x=0. Let P, denote the nth- degree Taylor polynomial

for f about x=0. Itis known that f(O)_— and f"(0)=—.If PZ( )_ , What is the value of f'(0)?

3 3 5 3
A -3 B -3 © - (0) -
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Free Response Questions

7. Let P(x) =3-2(x—2)+5(x—2)? -12(x—2)% +3(x—2)* be the fourth-degree Taylor polynomial for

the function f about x=2. Assume f has derivatives of all orders for all real numbers.

(@) Find f(2) and f"(2).

(b) Write the third-degree Taylor polynomial for f' about 2 and use it to approximate f'(2.1).

(c) Write the fourth-degree Taylor polynomial for g(x) :I: f (t) dt about 2.

(d) Can f (1) be determined from the information given? Justify your answer.

8. Let f be the function given by f(x) =sin(2x)+ cos(2x), and let P(x) be the third-degree
Taylor polynomial for f about x=0.

(@) Find P(x) .
(b) Find the coefficient of x'° in the Taylor series for f about x=0.

1

1 1
c) Use the Lagrange error bound to show that | f (=) - P(=)| < —
© grang (5) (5)‘ 100

(d) Let h be the function given by h(x) :j: f (t) dt . Write the third-degree Taylor polynomial

for h about x=0.
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9.9 Taylor Series and Maclaurin Series

Taylor Series and Maclaurin Series

If a function f has derivatives of all orders at x = ¢, then the series

0 (n)
$ 170, o

n=0 n!

f'(c)
21

f”'(c) (oo s - - f(:(c)

= f(c)+ f'(c)(x—C)+—=(x—C)* +—— (x=c)"+ - - -
is called the Taylor series for f(x) atc. Moreover, if ¢ =0, then the series is called the

Maclaurin series for f.

Example 1 o Find the Maclaurin series for the function f(x) =In(1+x).

Solution o f(x)=Inl+x) f(0)=0
P = f'(0) =1
1+x
£ = —— f"(0)=-1
1+ x)?
f "I(X) _ 2 f N/(O) _ 2
1+x)°
6
fOx) =- £F@(0)=_6
®) a+x)* ©
" m (n)
I+ X) = F(0)+ f'(O)X+-—=) (0) 24 3(|0)X3+ o I(0)Xn+
! n!
- Lo 1y
=0+1- x+—1x +Ex + 6x4+ C +( D (n 1)-Xn+
217 310 4 nt
n-1
=X— 1x +1x3 1x4+ C +&x”+ o
2 3" 4 n

Example 2 o Let f beafunction having derivatives of all orders. The fourth degree Taylor
polynomial for f about x =1 is given
T(X)=4+3(x-1)-6(x-1)2 +7(x-1)> —4(x-1)*.
Find f(1), f'Q), '@, f"@and f*().

Soluion © f()=T@)=4 f'()=3
TD_ 6o frgy=-12 "O_7 o trey-42
2! 3!
f(4)(1)

-4 = @) =-96
41
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Direct computation of the Taylor or Maclaurin coefficients is usually a tedious procedure.
The easiest way to find a Taylor or Maclaurin series is to develop a power series from a list
of elementary functions. From the list of power series for elementary functions, you can
develop power series for other functions by the operations of addition, subtraction,
multiplication, division, differentiation, integration, or composition with known power
series.

Power Series for Elementary Functions

Function Interval of Convergence
3:1—(x—1)+(x—1)2—(x—1)3+ R & e L 0<x<2
X
_l =1 X+ X2 X34 - X -1<x<1
1-x
_n\2 _1\3 _n\n-1/y _1\n
|nX=(X—1)—(X 1_) +ﬁ_ RN +M+ RN 0<x<L2
2 3 n
2 3 Xn
ex =14+ X+ —F—F —00 < X <00
2! 3! n!
) X3 X5 X7 (_l)n X2n+1
sinX=X—-—+4+——" 4+ . . .47 - —00 < X < 00
3t 51 7! (2n+1)!
x2 x* x® (=)"x*>"
cosX=1-—+———+ -+« F———+ . . . —00 < X <0
21 41 6! (2n)!
3 5 7 _q\n 2n+l
3 5 7 2n+1

Multiplication of Power Series

Power series can be multiplied the way we multiply polynomials. We usually find only the
first few terms because the calculations for the later terms become tedious and the initial
terms are the most important ones.

Example 3 o Find the Maclaurin series for the function f (x) =cosx?.

2 4 6 _1\ny2n
Solution o g(x)zcosx:l—x—+x——x—+ ce +&
21 41 6! (2n)!
f (x) = cos x?
=g(x*)
2\2 2\4 2,6 n/y2y\2n
PTG M .50 RN €50 I o' A G5 ST
2! 4! 6! (2n)!
X4 X8 XlZ (_1)nx4n o

=]1-— O S A

21 41 6! (2n)!
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Example 4 o Find the Maclaurin series for the function f (x) = x%* —x?.

Solution o Use the series e*.
2 3 Xn
e =l Xt -
21 3! n!
Multiply e* by x?.
2 3 n
X° X
X =P Xt - et - - )
21 3!

Subtract x? from each side.
x%e* — x?
4 5 n+2

02, .3 X
=X +X"+—+—+ - - - + +
21 3! n!

X4 X5 n+2

+ o e e
2! 3! n!

Example 5 o Find the first three nonzero terms in the Maclaurin series for € cos x .

Solution o Use the power series for e* and cosx in the table .

2 3 2 4 6
eXcosx:(1+x+X—+X—+~--)(1—X—+X——X—+~--)
21 3! 21 41 6!
2 3 2 3 2
X< X X X X
—(l+X+E+§+~~-)(l)+(1+X+E+§+--~)(—E)+-~
2 X3
=1+ X+—+—+
21 3!
XX
21 2!
X3
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Exercises - Taylor Series and Maclaurin Series

Multiple Choice Questions

. . arctanx .
1. A series expansion of ———— is

3 5
(A) 1_£+X__X_+..
5 7
2 4 6
(B) RERAIRAN N
5 7
2 4 6
X“ X' X
R T T
3 4 6
X
D) X——+—-—+
(D) ;

2. The coefficient of x* in the Taylor series for e2* about x =0 is

4 2 1 4
A) —— B) —— C) —= D) —
(A) 3 (B) 3 ©) 3 (D) 3
4 6 8 _1\N 2n+2
3. Afunction f hasa Maclaurin series given by XXX X
31 51 71 @2n+1)!

Which of the following is an expression for f (x) ?

(A) x}e*—x*
(B) xInx—x2
(C) tant x—x

(D) xsinx—x?
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4. A series expansion of x—szlnx is
X
2 4 _1\n+l,,2n-2
(A) l_X_+X_+.”+(1)—X
21 41 6! (2n)!
3 5 _n\h+l2n+l
(B) i_x_+x_+...+(1)—x
21 41 6! 2n)!
3 5 _\n+l,,2n-1
(C) l_X_+X_+‘” (1)—)(
31 5171 @2n+1)!
(D) ﬁ_ﬁ X_G —(_1)n+1X2n
31 51 71 (2n+1)!
00 (_l)nxn+2
5. Z — is the Taylor series about zero for which of the following functions?
n=0 n:
(A) xsin x (B) xcosx (C) x%e™* (D) xIn(x+1)
] . . X3 X5 X7 (_1)n X2n+1
6. The graph of the function represented by the Maclaurin series X_?+?_7+"'+ﬁ+”'
n-+

intersects the graph of y=e™ at x=

(A) 0.495 (B) 0.607 (C) 1.372 (D) 2.166



310 Chapter 9

7. What is the coefficient of x* in the Taylor series for cos? x about x =0?

1 1 1 1
A ® 3 © 5 ©®) 3

8. The fifth-degree Taylor polynomial for tan x about x=0 is x+1x3 +£x5. If f isa function

such that f'(x) = tan(x?), then the coefficient of x’ for f(x) about x =0 is

1 3 1
A ®) 45 (ORY (D) -

o ¢ 9\n-1 _9\n-1
9. The Maclaurin series for a function f is given by Z( 2) X" =lx—gx2 +x3 —-~+( 2)

o n+l 2 3 n+1
Which of the following is the third-degree Taylor polynomial for g(x) =cosx- f(x) about x=07?

X" e

(A) x—Lyx2_ 2,
2 3

(B) 1-12, 2
2 3

(C) 1y 20,3
2 3 4

(D) SN
2 12
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10. The Maclaurin series for the function f is given by

n 2n 2 4 n 2n
f(x)= z((zl) D1 —%+%—~-- ((21) D1 +--- on its interval of convergence.
n+ ! ! n+

Which of the following statements about f must be true?

(A) f hasarelative minimumat x=0.
(B) f hasarelative maximumat x=0.
(C) f does not have a relative maximum or a relative minimumat x=0.

(D) f has a point of inflectionat x=0.

Free Response Questions

11.Let f be the function given by f(x)=e™*

(a) Write the first four terms and the general term of the Taylor series for f about x=0.

(b) Use the result from part (a) to write the first four nonzero terms and the general term of the
1-x—f(x)

X

series expansion about x =0 for g(x) =

(c) For the function g in part (b), find g'(-1) and use it to show that z( 1)|
_1 n+
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3 5 _q\n+l2n-1
12. The Maclaurin series for f(x) is given by f(x):i—x—+x—+--~ (1)—)(+
21 41 6! (2n)!
2 3 _\n N
The Maclaurin series for g(x) is given by g(x):1—1+x——x—+---+ﬂ+~-.
2 3 4 n+1

(a) Find f"(0) and f®%(0).

(b) Find the interval of convergence of the Maclaurin series for g(x).

(c) The graph of y = f(x)+g(x) passes through the point (0,1). Find y'(0) and y"(0) and
determine whether y has a relative minimum, a relative maximum, or neither at x =0.

Give a reason for your answer.
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CALCULUS AB

SECTION I, Part A
Time — 60 minutes
Number of questions — 30

No calculator is allowed for problems on this part of the exam.

Directions: Solve each of the following problems, using the available space for scratchwork. After examining
the choices given, decide which is the best answer choice and fill in the corresponding circle on the answer sheet.
No credit will be given for anything written in the test book. Do not spend too much time on any one problem.

In this test:

(1) Unless otherwise specified, the domain of a function f is assumed to be the set of all real numbers x
for which f(x) is a real number.

(2) The inverse of a trigonometric function f may be indicated using the inverse function notation f*

or with the prefix “arc” (e.g., sin™! x = arcsin x).

1. If f(x):{;&’ X#4 then im () =
= X—>

(A) 1 (B) 2 ©) 3 (D) nonexistent

2
2.1f f(x) = /XZ_Z ,then f'(2) =
X“+2

243 3 23 33
(A) 5 (B) o ©) = (D) >
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3. Acurve has slope 2x+sin x at each point (X, y) on the curve. Which of the following is an
equation for this curve if it passes through the point (0,2) ?

(A) y=x*+cosx+2
(B) y=x?-cosx+2
(C) y=x*-cosx+3

(D) y=x*+cosx+1

1-x+Inx
x>1 1+ coS X

(A) —o (B) ~— (C) -=* (D)
v

5. Let f and g be continuous functions with f(2)=5.If Iin;{f(x)+%g(x)}:12,then Iin;g(x):
X— X—>

(A) 10 (B) 12 () 14 (D) 16

6. Using a right Riemann sum with four subintervals [1,1.5], [1.5,2], [2,2.5]and [2,3], what

is the approximation of jf 1 dx?
X

5 7 7 19
A3 ®) © 5 (D) -5
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:1+x~ f(x)

X

7. Ify ,then y'=

2x2£'(x) + x f(x) +1

xV/x

2x2F'(x)+x f (x) -1

2x\/§

2x2F'(x)+2x f (x) -1

2x\/;

X2 f'(x)—x f(x)-1

2x\/;

(A)

(B)

(©)

(D)

8. If y? =3x%—x*, then the value of % at the point (2,2+/2) is
X

) % (8) 2 ©) ¥ (D) 242

9. The closed interval [a,b] is partitioned into n equal subintervals, each of width Ax, by the

n
NUMbErs Xq,X,,..., X, Where a=x, <X <-<X._; <X, =b.Whatis lim > (2x —1) Ax?

ol
n— i—1

(A) (b—a)(b+a-1)
(B) (b+a)(b—a-1)
(C) b®-a% -1

(D) 2(b*-a?)
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y=9(x)

<8}

@)

[
o

10. Let g(x) = “f(t dt, where a <x<c. The figure above shows the graph of g on [a,c|. Which of
a

the following could be the graph of f on [a,c]?

O ®
/\ X \
0 b
/ of o~~—00—"_
© ©
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11.1f h(1) =2 and h'(l) = -3, what is the value of d ﬂ at x=17
dx | h(x)

(A) -2 (B) -1 ) 0 (D) 1

12.1f 7x+y =k is the equation of a line tangent to the graph of y = 9x+i2 , what is the value of k ?
X

® = ® - ©) 12 (D) 14

13. The graph of f (x) = x(Inx)? has a point of inflection at

)+ ®8) : © e (D) ¢?
e e

14, _[ cos?x dx =

(A) x+%sin2x+C

(B) lx+£sin2x+C
2 4

© Ex—isin2x+C
2 4

(D) %x+c052x+C
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15. If the point (—1,5) is a point of inflection of the curve y = x® + ax? +bx -2, what is the
value of a+b?

(A) -2 (B) -1 ©) 3 (D) 6

16. jj f(x) o|x+j36 £ () dx+j;l f(x) dx =

@ [Jtde (B) [ F(x) dx (© [ f(x)dx © [ 100 ox

17. The curves y = f(x) and y = g(x) shown in the figure above intersect at point (a,b). The area of
the shaded region enclosed by these curves and the x-axis is given by

(A) [ [f09-g()] dx
®) [, [909-f(x)] dx
(C) j;g(x) dx—j: f (x) dx

(D) [, 10x) dx+ [~ g(x) dx
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2
18. [ dx__
e xlnx
A) 11 (B) =1 (©) In2-1 (D) In2
e e’ e
. . . 1 V4 57 .
19. The region enclosed by the graph of y =sinx and the lines y:E, X:E’ and x=?|s
rotated about the x-axis. What is the volume of the solid generated?
2 2 2 2
) Yorer @) Y- © =3, 0 2B,
6 4 6 4 6 4
2
20, [ 77 20 gp
7/4  tan@
(A) In6 (B) In+/3 ©) 1 (D) Iny/3-1

21 1f f(x)= Jx? +7-¢*, then what is the value of f '‘m?

3e Te 3e 13e
(A) " (B) 5 © > (D) Y
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22. At a musical concert the audience stands inside a semicircular area of radius 50 yards. The stage
is also a semicircular shape of radius 10 yards. If the density of the audience at r yards from the
center of the stage is given by f(r) people per square yard, which of the following expressions

gives the number of people at the concert?

50
o' f(r)dr

T
@ [
(B) ﬂjf:rz f(r) dr
(©) njf; rf(r) dr

(D) 27zjf;r f(r) dr

23. If four subdivisions of [1, 3] are used, what is the trapezoidal approximation of If Jxcosx dx ?

(A) %(cosl+ V1.5¢051.5++/2 c0s 2 ++/2.5 cos 2.5++/3 cos 3)
(B) %(cosl+ 241.5051.5+ 2+/2 c0s 2 + 24/2.5 c05 2.5+ /3 C0s 3)
© %(cosl+ V1.5¢051.5++/2cos2+~/2.5c052.5+ J§cos3)

(D) %(cosl+ 241.5¢c0s1.5+ 2+/2 cos 2+ 2+/2.5 05 2.5+ \/50053)
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/

f(9 =2 (-2 \ (4.2

g(x)

24. The figure above shows the graph of the function f = %(x— 2)? and the graph of g which
is tangent to the graph of f at the point (4,2). If h(x) = f(g(x)), whatis h'(4)?

(A) -4 (B) -2 (€0 (D) 2

25. lim 1 IM V3+x2 dx =
h—»0 h J1

(A) 0 (B) 1 ©€) 2 (D) 3

X
26. j: (¥+3) dx =

(A) -5 (B) -3 ) 7 (D) 14
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f(Vx)
JxX

27. If f isacontinuous function and if F'(x) = f(x) for all real numbers x, then J'f dx =

(A) 2[F(2)-F()]
(B) 2[F(4)~F)]
© H[F@-FO)

(D) %[F(zt)— FO)]

y=1'(x)

28. The graph of f’ is shown in the figure above. Which of the following statements about f are true?

I. f hasa relative minimumat x=a.
Il. f hasarelative maximumat x=D0.
I1l. f isdecreasingon the interval b<x<c.

(A) None
(B) lonly
(C) Iand Il only
(D) I1and HI only
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29.1f f(x)=3x—x+4,then (f 1)(6) =

1 1 1
(A) 3 (B) r (©) 3 (D) 3

(-12) (5.2)

-

ol@ 0)\/ (3,0)

(21_1)

Graph of f

30. The graph of the function f shown above consists of three line segments. If g is the function

defined by g(x) = [ 2 f(t) dt, then g(-3) =

13 11 9 11
A) - ® - © -3 ©) =
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CALCULUS AB
SECTION I, Part B
Time — 45 minutes
Number of questions — 15

A graphing calculator is required for some problems on this part of the exam.

Directions: Solve each of the following problems, using the available space for scratchwork. After examining
the choices given, decide which is the best answer choice and fill in the corresponding circle on the answer sheet.
No credit will be given for anything written in the test book. Do not spend too much time on any one problem.

In this test:

(1) The exact numerical value of the correct answer does not always appear among the choices given. If this
occurs, select the number that best approximates the exact numerical value from the choices given.

(2) Unless otherwise specified, the domain of a function f isassumed to be the set of all real numbers x
for which f(x) is a real number.

(3) The inverse of a trigonometric function f may be indicated using the inverse function notation f*

or with the prefix “arc” (e.g., sin™* x = arcsin x ).

31. The first derivative of the function f is given by f'(x) = x—sin(e*) and the function g is given

by g(x) = %x . At how many points on the graph of f(x) is the tangent line parallel to g(x)?

(A) One (B) Two (C) Three (D) More than three

32. The velocity, in ft /sec, of a particle moving along the x-axis is given by the function v(t) = tesint .

What is the average velocity of the particle from time t =0 to time t=47?

(A) 2.955 (B) 4.432 (C) 5.909 (D) 8.864
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33.Let f be the function defined by f (X)=x+~/5—x . The approximate value of f at x=1.1,

obtained from the tangent to the graph at x =1, is

(A) 2.036 (B) 2.085

(D) 2.175

34. The graph of the function f is shown in the figure above. The value of Iimzarctan(f (x)) is
X—

(A) 0 (B) 0.524

(D) 1.107

35. The position of a particle moving along a line is given by s(t) = 2t — 27t* +84t +11 for t > 0.

For what value of t is the speed of the particle decreasing?

(A) 0<t<% only

(B) 2<t<7 only

(C) 0<t<2 and %<t<7

(D) 2<t<% and t>7
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36. A particle moves along the y-axis so that at any time t >0, its velocity is given by
v(t) = 2sin(t? —t)—1. The position of the particle is 4 at time t =0. What is the position

of the particle when its velocity is first equal to 0?

(A) 0.922 (B) 1.534

(C) 2.026

(D) 2.466

37.Let f be atwice differentiable function with f’(x) <0 and f"(x) <0 forall x, in the closed

interval [0,6] . Which of the following could be a table of values for f ?

B I Tr ® X Trx
o | 1 o | 1
2 2 2 5
4 4 4 8
6 | 7 6 | 10

©

f(x)

9

5

2

(D)

f(x)

o| o] ©

38.Let f be the function given by f(x) :%X—;rsin2 X . What are all values of ¢ that satisfy

Roll’s Theorem on the closed interval [0%} ?

(A) 0.128 (B) 0.247

(C) 0.399

(D) 0.524

Calculus AB
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39. Let C be a function defined by C(v) =35-7 v , where v is the velocity of the particle

moving along a curve. Attime t =0, the velocity is v=15. If the velocity of the particle
increases at a constant rate of 6 units per second, what is the rate of change of C with respect
totime t, at t =8 seconds.

(A) -0.765 (B) -0.469 (C) -0.374 (D) -0.287

40. The base of the solid is the region enclosed by the graph of y =In x, the x-axis, and the line x=2.

If the cross sections of the solid perpendicular to the x-axis are semicircles, what is the volume of
the solid?

(A) 0.074 (B) 0.286 (C) 0.385 (D) 0.493

41. Which of the following is an equation of the curve that intersects every curve of the family
y=Inx+2 at right angles?

(A) y=x ®) y=—x © y=5¥ ©0) y=->x

42.1f f(x) =2sin(e?) and g is the antiderivative of f such that g(-1) =—2, then g(3) =

(A) —2.725 (B) -1.436 (C) 1.026 (D) 2.255
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N y="109

(8,6)

(—2.3)/\

43.Let f be atwice differentiable function whose graph is shown in the figure above. Which of
the following must be true for the function f on the closed interval [—2,8] .

I. The average rate of change of f is %
.9
1. The average value of f is >

I11. The average value of f' is %

(A) None
(B) land Il only
(C) Iand Il only

(D) Iland HI only

44.1f f isa continuous function such that I: f (t) dt = xcos? x for all x, then f(%) =

2+
4

2-7 1 V4
(A) 7 (B) 3 © 7 (D)

45, Let f be the function defined by f(x)=kx?—Inx for x> 0. If the graph of f has a point of
inflection on the x-axis what is the value of k ?

(A) —2¢ (B) y = —e? ©) —g (D) 2¢
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CALCULUS AB
SECTION II, Part A
Time — 30 minutes
Number of problems — 2

A graphing calculator is required for these problems.

1. The rate of change of the number of honeybees at time t days is modeled by n(t) =40 \/fsin(f—zt)
honeybees per day, for 0 <t <30. There are 1200 honeybees at time t =0.

(a) Show that the number of honeybees is increasing at time t =10.

(b) Attime t =10, is the number of honeybees increasing at an increasing rate, or is the number of
honeybees increasing at a decreasing rate? Give a reason for your answer.

(c) According to the model, how many honeybees will there be at time t =30 ? Round your answer
to the nearest whole number.

(d) What is the maximum number of honeybees for 0 <t <30 rounded to the nearest whole number?
Justify your answer.
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2
5+
1+
} t t » X
0 1 2 3
_1 4
-2+ Graph of f’

2. The figure above shows the graph of ', given by f'(x)=In(x?+1)sin(x?) on the
closed interval [0,3]. The function f is twice differentiable with f(0)=3.

(a) Use the graph of f' to determine whether the graph of f concaves up or concaves down
on the interval 0< x <1. Justify your answer.

(b) On the closed interval [0,3] , find the value of x at which f attains its absolute maximum.
Justify your answer.

(c) Find an equation for the line tangent to the graph of f at x=2.
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CALCULUS AB
SECTION I, Part B
Time — 60 minutes
Number of problems — 4

No calculator is allowed for these problems.

3. Let R be the shaded region in the first quadrant bounded by the graphs of y=x* and y = sin(%x) ,

as shown in the figure above.
(a) Find the area of R .

(b) Write, but do not evaluate, an integral expression for the volume of the solid generated when
R is revolved about the horizontal line y=-1.

(c) The region R is the base of a solid. For this solid, each cross section perpendicular to the
x-axis is a rectangle whose height is 3 times the length of its base in region R . Write, but
do not evaluate, an integral expression that gives the volume of the solid.
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-2

Graph of f

4. The graph of the function f above consists of five line segments. Let g be the function

given by g(x) = j3 f(t) dt.

(@) Find g(2), g'(2) and g"(2).

(b) Find the x-coordinate of each point of inflection of the graph of g on the open interval
-3 < x < 7. Justify your answer.

(c) On what interval is g increasing?

(d) Find the average rate of change of g on the interval 0<x<4
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5. The twice differentiable function f is defined for all real numbers and satisfies the following
conditions: f(0)=-1, f'(0)=3,and f"(0)=-2.

(a) The function g is given by g(x) =sinax+ f(bx) for all real numbers, where a and b are
constants. Find g'(0) and g"(0) interms of a and b . Show the work that leads to your answers.

(b) The function h is given by h(x) = e""*f (x) for all real numbers. Find h’(x) and write an
equation for the line tangent to the graph of h at x=0 .
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(6,12) (9,12)

(13,-12) (16,-12)

6. A car is traveling on a straight road with velocity 40 ft/sec at time t =0. For 0 <t < 20seconds,
the car’s acceleration a(t), in ft/sec’, is the piecewise linear function defined by the graph above.

(a) For what values of t is the car’s velocity increasing?
(b) At what time in the interval 0 <t <10 is the velocity of the car 40 ft/sec ? Justify your answer.

(c) On the time interval 0<t <20, what is the car’s absolute maximum velocity, in ft/sec, and
at what time does it occur?

(d) On the time interval 0 <t <20, what is the car’s absolute minimum velocity, in ft/sec, and
at what time does it occur?
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CALCULUS AB
SECTION I, Part A
Time — 60 minutes
Number of questions — 30

No calculator is allowed for problems on this part of the exam.

Directions: Solve each of the following problems, using the available space for scratchwork. After examining
the choices given, decide which is the best answer choice and fill in the corresponding circle on the answer sheet.
No credit will be given for anything written in the test book. Do not spend too much time on any one problem.

In this test:

(1) Unless otherwise specified, the domain of a function f isassumed to be the set of all real numbers x for
which f(x) is a real number.

(2) The inverse of a trigonometric function f may be indicated using the inverse function notation f ! or

with the prefix “arc” (e.g., sin™* x =arcsinx ).

1. An equation of the line normal to the graph of y =secx at the point (%,\/E) is

(A) y—ﬁ=ﬁ(x—§)

1 Vi3
B) y-V2=-—=(x-3)

1 1 T
© y—ﬁ——E(X—Z)
1 1

v
(D) V—E——Z(X—Z)
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2. The first derivative f' of a function f isgivenby f'(x)= %—e’x . On which of the following intervals

is f increasing?

(A) (~o0,~In2] (B) [-In2,In2] (C) [In2,%) (D) [e,0)

3. The graph of the function f isshown in the figure above. Which of the following statements
about f isnot true?

(A) lim f(x) =3
(B) f(a)=4
(©) lim £ (=1

(D) f(b)=2

4. If £(0)=tan’(2-0), then f'(0)=

(A) 2tan2
(B) —2tan2
(C) —2tan2 sec2

(D) —2tan2 sec?2
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5. If f(x)=(x*+1)*, then f'()=

(A) 2+In4 (B) 2+In2

6. If x=-2 isthe vertical asymptote and y =1 is the horizontal asymptote for the graph of the function f ,

which of the following is the equation of the curve?

X2 -2
2

X +4

(A) £ =

X% —2x
2

(B) f(x)=

X —
X2 —4x+4

O T0=""z0

X2 +2x
x2 -4

(D) f(0)=

7. If g(x) = 2x f (+/x), then g’(x) =

(A 2] W)+ ()]
(8) 2[ xf'(x)+ (x|

(C) Vxf'(Vx)+2f(/x)
(D) 24/xf'(x)+4f(/x)
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8. The slope of the tangent to the curve y* +x?y? —ye® =6 at (0,2) is

9 5 4 15
A -2 ®) -~ © ()

2+

Graph of f'

9. Thegraph f’ is shown above. Which of the following statements is not true about f ?

(A) f isdecreasing for -3<x<1.
(B) f isincreasing for -4<x<-1or 2<x<4.
(C) f hasalocal minimumat x=2.

(D) f hasalocal maximumat x=-1.

10. Which of the following is the antiderivative of f(x) = i+sec2 X?

X

(A) =2 ftanx+C

Jx
(B) 24/x +tanx+C
(C) —24/x +secxtanx+C

(D) 2J/x +secxtanx+C
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11 1f £'(x) = 10x7¥® which of the following could be true?

I f(x)=-9x°+5
I f'(x) =15x%° -12

10

M. f"(x)=-— : X347

(A) None (B) 1 only (C) ll only (D) Iand Il only

12. The shaded regions A, B, and C in the figure above are bounded by the graph of y = f(x) and
the x-axis. If the area of region A is 4, region B is 3, and region C is 2, what is the value of

j: [f(x)+2] dx?

(A) 8 (B) 9 () 11 (D) 13

13.1f F'(x) = f(x) for all real numbers x, and if k is a constant, then .[12 f(kx) dx =

[F@-FO]
k

F(2k)-F(k
& FEO-FW)

(C) F(2k)—-F(k)

(A)

(D) k[F(2)-F®]
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14. 1 Iim—'s_kx_\/§ _ L Wwhatis the value of k ?
x—0 X \/5
(A) -3 (B) -2 (€) —/3 (D) —/2

y=109

15. The graph of f', the derivative of function f , is shown above. If f is a twice differentiable function
which of the following statements must be true?

I. f(a)> f(b)
1. The graph of f hasa point of inflectionat x=b.

I11. The graph of f concaves down on the interval a<x<b.

(A) lonly (B) Il only (C) Hlonly (D) Iland I only

16. Let f be a differentiable function with f(%) =-2 and f’(%) =3.If g isthe function defined

by 93 =c0s” x-1(0), then g'(%) =

) —% ® - ©2 (D) ¥
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17. The expression %[In(1.1)+ In(1.2) +In(1.3) +. . . +In(2)] is a Riemann sum approximation for

11
(A)Ejo In x dx
(B)Iollnxdx

12
(C)Ejl In x dx

D) jflnxdx

18. The graph of f isshown above for 0<x<4.Let L, R,and T be the left Riemann sum,
right Riemann sum, and the trapezoidal sum approximation respectively, of f(x) on [0,4]
with 4 subintervals of equal length. Which of the following statements is true?

(A) L<j:f(x) dx<T <R
(B) L<I:f(x)dx<R<T
(C)R<J‘:f(x)dx<L<T

(D)T<L<j:f(x)dx<R
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LY y=f(x)

19. The graph of y = f(x) is shown in the figure above. The shaded region A has area a and the shaded
region B hasarea b . If g(x) = f(x)+3 what is the average value of g on the interval [-2,4]?

A) a+:+3 (B) —a+6b+3 © —a6+b+3 (D) aJ(;bJr3

20. Let f be the function given by f(x) =e***. Which of the following statements are true?

d 23
I. d_xjo f(x)dx=0
I, j”/g 9 fx)dx=e—e
0 dx

dpx __COSX
1. d_xjo f(t)dt=e

(A) lonly (B) I'and 11 only (C) Iand Il only (D) I, 11, and HI

2 ox-1

(A) e? -1 (B) e -2 (C) e®—e (D) e?-3
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22. Using the substitution u =~/x, I()g sin(v/x) dx is equivalent to

(A) 2_[; usin(u) du

B) 2 % du
© EJ‘ ° usin(u) du
270

3 sinu
0

(D) % [ du

23.If %:u y? and y(-1)=0,then y=
X

(A) 1-tanx (B) 1+secx (C) tan(x+1) (D) 1— 0D

X [-11114|6]|9
fx) 12| 9| 5| 8|10

24. A function f is continuous on the closed interval [—1,9] and has values that are given in the table above.

Using subintervals [-1,1], [1,4], [4,6], and [6,9], what is the trapezoidal approximation of .[_i f(x) dx?

(A) 76 (B) 82 (C) 92 (D) 98
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25. lim(e* + x)¥* =

X—»00

(A) —e (B) -1 €1 (D) e

26. J.”M ; dx =

0 etan X 0082 X

(A) —e (B) 1-¢ © % D) 1-1

y="F(x)

= X

.

[ Y R —

N
|

27. The graph of the function f is shown in the figure above. If h(x) = J': f (t) dt, which of the

following is true?

(A) h(x) hasaminimumat x=b and has a maximum at x=d .
(B) h(x) hasaminimumat x=a and has a maximumat x=e.
(C) h(x) hasaminimumat x=e and has a maximumat x=c.

(D) h(x) hasa minimum at x =c and has a maximumat x=e.
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28.Let R be the region in the first quadrant bounded by the graph of y = avx (a>0), x=1,and x=4.

If the area of the region R is 7, what is the value of a?

4 3 7 5
(A) 3 (B) > ©) 3 (D) 5
201 FO) =" dtt then F'(x) =
tan x +
(A) sin x (B) cosx (C) -1 (D) cos® x

N . . 1 T
30. If the substitution x =5sin@ is made for | ———— dx, where 0< 8 <—, then
j V25— x 2

'[ x24/25 - x?

1
(A) EI cscdcotd do
(B) —EI csc’6 do
5
(C) ij‘ csc?0 do
25

1 2
D) —| sec“@ d@
()251
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CALCULUS AB
SECTION I, Part B
Time — 45 minutes
Number of questions — 15

A graphing calculator is required for some problems on this part of the exam.

Directions: Solve each of the following problems, using the available space for scratchwork. After examining
the choices given, decide which is the best answer choice and fill in the corresponding circle on the answer sheet.
No credit will be given for anything written in the test book. Do not spend too much time on any one problem.

In this test:

(1) The exact numerical value of the correct answer does not always appear among the choices given. If this
occurs, select the number that best approximates the exact numerical value from the choices given.

(2) Unless otherwise specified, the domain of a function f is assumed to be the set of all real numbers x for
which f(x) is a real number.

(3) The inverse of a trigonometric function f may be indicated using the inverse function notation f or

with the prefix “arc” (e.g., sin™* x = arcsin x ).

31. What is the area of the region enclosed by the graphs of f(x) =+/x+1 and g(x) = % from x=0
+X

to x=27?

(A) 1.362 (B) 1.475 (C)1.699 (D) 1.833

32. The maximum acceleration attained on the interval 0 < x <5 by the particle whose velocity is given
by v(t) =t>—4t® + 7t +3 is

(A) 28 (B) 32 (C) 37 (D) 42
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33. A particle moves along the x-axis with a(t) =1.2 units /sec’. When t =1, the particle is at the
point (0,1) . Which of the following could be the graph of the distance s(t) of the particle as a
function of time t .

(A) (B)
S S
11 1T
: : : =t : : : =t
o} 1 o} 1
©) (D)
S S
1T 1
. : : =t : : : =t
o} 1 0 1

34.Let f be the function given by f(x)= cos[ln(x2 +1)] . On the closed interval [0,8] , how many

values of ¢ satisfies the conclusion of Mean Value Theorem?

(A) 1 (B) 2 € 3 (D) 4
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2 f—
35.Let f be a function given by f(x) = |X ]41 . Which of the following statements are true about f ?
X —_

. lim f(x)=2

x—1*

. lim f(x) = -2

x—1"

L lim f(x) = lim f(x)
x—3 X— =5

(A) lonly (B) 'and 11 only (C) Il 'and 111 only (D) 1,1, and 1

36. The base of a solid is the region enclosed by the graph of y =sin(x?) and the x-axis for 0< x <~/7 .
If cross sections of the solid perpendicular to the x-axis are squares, what is the volume of the solid?

(A) 0.670 (B) 0.783 (C) 0.835 (D) 1.032
X f(x) 9(x) ') | 9'(x)
1 3 5 -1 -3
2 3 2 2 1
3 2 4 -1 7

37. The table above gives valuesof f, f', g,and g’ atselected values of x. If h(x) = g[f(xz)]
what is the value of h'(1) ?

(A) -14 (B) -8 () -3 (D) 6
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38. The volume V of a sphere is decreasing at a rate of 12 in®/sec . What is the rate of decrease of the
radius of the sphere, in inches per second, at the instant when the surface area S becomes 367

square inches? (V :%;zre', and S =4zr?)

1 1 1
o B) o~ © 5 (D)

39. Water is leaking from a tank at the rate of te>™ gallons per hour. If there are 100 gallons of water
in the tank at time t =0, how many gallons of water are in the tank at time t =10?

(A) 58.379 (B) 60.455 (C) 68.702 (D) 73.576

y = COS X

(xy)

/ o N7

40. The figure above shows a rectangle that has its base on the x-axis and its other two vertices on
the curve y =cos x .What is the largest possible area of such a rectangle?

(A) 1.074 (B) 1.122 (C) 1.384 (D) 1.678
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41. A particle travels along a straight line with a constant acceleration of 2 ft/sec?. If the velocity
of the particle is 5 ft/sec at time t =3 seconds, how far does the particle travel during the time
interval when the velocity increases from 5 ft/sec to 15 ft/sec ?

(A) 28 ft (B) 36 ft (C) 42 ft (D) 50 ft

42.Let R be the region enclosed by the graph of y = 4 and the line y =5-x. The volume of the
X

solid obtained by revolving R about the y-axis is given by
@ [ -y

®) 7| {(%)2 ~(5- y)z} dy

© ! {(5—y>2 —<§)2} dy

(D) 27;]14 [(5—x—§)2}dx

43. Qil is being pumped from an oil well at a rate proportional to the amount of oil left in the well; that
is ﬂz ky , where y is the amount of oil left in the well at any time t measured in years. There
were 2,000,000 gallons of oil in the well at time t =0, and 1,200,000 gallons remaining at time t =5.
To the nearest thousand, how many gallons of oil will be left in the well at time t =107

(A) 570,000 (B) 720,000 (C) 840,000 (D) 920,000
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@D

y=2x-1

44. The figure above shows a shaded region bounded by the x-axis and the graphs of y = x? and y = 2x—1.
If the shaded region is rotated about the x-axis, what is the volume of the solid generated?

T T T T
(A) 20 (B) >4 ©) - (D) g
y
LTVt s s s
[V |\ N+~ VS S/
L NN s s
L'V \N+— s S s
RIS S A,
RN S/
R B - X
LR IR NS S I AV 4
Ll NNty
L'V \ N+ s s s
1 1 VNN s S
[V |\ N+~ VS S/
[Tl \NN6+— /S

45. The slope field for a certain differential equation is shown above. Which of the following could be
a specific solution to that differential equation?

(A) y=2e" (B) y=x+e" (C) y=x+e™" (D) y=x-¢e"
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CALCULUS AB
SECTION II, Part A
Time — 30 minutes
Number of problems — 2

A graphing calculator is required for these problems.

1. Let f be the function givenby f(x)=x>+2,and let g be the function given by g(x) =mx,
where m is the nonzero constant such that the graph of g is tangent to the graph of f .

(a) Find the x-coordinate of the point of tangency and the value of m.
(b) Let R be the region enclosed by the graphs of f and g . Find the area of R.

(c) Find the volume of the solid generated when R is rotated about the line y =3.
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2. The rate at which people enter a movie theater on a given day is modeled by the function S

defined by S(t) =80-12 cos(é) . The rate at which people leave the same movie theater is

modeled by the function R defined by R(t) =12¢"1° 1+ 20 . Both S(t) and R(t) are measured

in people per hour and these functions are valid for 10 <t <22. Attime t =10, there are no
people in the movie theater.

(a) To the nearest whole number, how many people have entered the movie theater by 8:00 PM (t =20)?

(b) To the nearest whole number, how many people are in the movie theater at time t =207

(c) Let P(t) = .[1to [S(t)—R(t)] dt for 10<t<22. Find the value of P'(20) and explain the meaning
of P'(20).

(d) At what time t, for 10 <t <22, is the number of people in the movie theater a maximum?
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CALCULUS AB
SECTION I, Part B
Time — 60 minutes
Number of problems — 4

No calculator is allowed for these problems.

@y | 0| 0|2 |3|2|0|60 0|80 D

foy |2 | B | B[ 15] 6| 0 |-12|-10]8 |1

3. Acar is traveling on a straight road. The car’s velocity v, measured in feet per second, is continuous
and differentiable. The table above shows selected values of the velocity function during the time
interval 0 <t <90 seconds.

(a) Find the average acceleration of the car over the time interval 0<t<90.

(b) Using correct units explain the meaning of I:(? |v(t)| dt . Use a trapezoidal approximation with

. . 70
three subintervals of equal length to approximate .[40 v(t)| dt.

(c) For 0 <t <90, must there be atime t when v(t) =10 ? Justify your answer.

(d) For 0<t <90, must there be a time t when a(t) =0 ? Justify your answer.

4. Consider the curve given by x%+xy+y? =12.
(a) Find d_y
dx

(b) Find the two points where the curve crosses the x-axis, and write an equation for the tangent
line at each of these two points.

(c) Find the x-coordinate of each point on the curve where the tangent line is horizontal.



Practice Test 2 361

Graph of f

5. The graph of a differentiable function f on the closed interval [—2,8] is shown in the figure above.

The graph of f has a horizontal tangent lineat x=0 and x=6. Let h(x) =-3+ .[; f(t) dt
for -2<x<8.

(@) Find h(0), h'(0), and h"(0) .
(b) On what interval is h decreasing? Justify your answer.

(c) On what intervals does the graph of h concave up? Justify your answer.

(d) Find a trapezoidal approximation of J_i f (t) dt using five subintervals of length At=2.
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3,,2
6. Consider the differential equation % = _4)(3 y .
X

(a) On the axis provided, sketch a slope field for the given differential equation at the nine
points indicated.

LY
e 2% .
e 19 .
® L 3 » X
-1 o 1

(b) Let y = f(x) be the particular solution to the differential equation with the initial condition
y(-1) :g. Write an equation for the line tangent to the graph of f at (-1, g) and use it to
approximate f(-1.1).

(c) Find the particular solution y = f (x) to the differential equation with the initial condition

_3
y(-1) = =
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CALCULUS BC
SECTION I, Part A
Time — 60 minutes
Number of questions — 30

No calculator is allowed for problems on this part of the exam.

Directions: Solve each of the following problems, using the available space for scratchwork. After examining
the choices given, decide which is the best answer choice and fill in the corresponding circle on the answer sheet.
No credit will be given for anything written in the test book. Do not spend too much time on any one problem.

In this test:

(1) Unless otherwise specified, the domain of a function f is assumed to be the set of all real numbers x for
which f(x) is a real number.

(2) The inverse of a trigonometric function f may be indicated using the inverse function notation f* or

with the prefix “arc” (e.g., sin”* x = arcsin x).

L. If 1im £ (x) =2 and limg(x) = -1, then lim —<—1)__
x—1 x—1

x—1 [g(x)] 2 +1

1 1 1 .
(A) 5 (B) 5 © 2 (D) nonexistent

2. If f(x)=2"" then f’(%):

(A) In4 (B) In8 (C) In16 (D) In32
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3.

x>+a, ifx>2

ax-3, if x<2 ] )
If f(x)= is continuous on (-, ), what is the value of a?

(A) 7 (B) 5

If four equal subdivisions are used for the internal [1,2], what is the trapezoidal approximation

of .[12 e* dx?

(A) %(e + e]/l.25 + e]/l.5 + e]/l.75 + e]/2)
(B) %(e +2e¥%5 4 25 1 e¥L TS 4 g¥2)
(€) %(e +2e¥1%5 4 25 1 0L TS 4 g¥2)

(D) %(eJrem.zs 4 el15 | QU5 +e]/2)

5.

iFsec3 X—secX+3 }
dx| 3

(A) tan* x

(B) sec? x+tan® x

(C) sec? x—sec xtan x

(D) tan® xsec x
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6. Which of the following sequences converge?

{ 4n } 1 {zn_g} . {nsin(l)}
3n+2 g" n

(A) lonly (B) l'and Il only (C) Il and Il only (D) I, 1, and 1

y="f(x)

7. Thecurves y= f(x) and y = g(x) shown in the figure above intersect at point (a,b). The volume

of the solid obtained by revolving R about the x-axis is given by

Cc 2 Cc 2
(A) ;rjo [9(0)] dx—;zjo [f(x)] dx
a 2 C 2
(B) ;rjo [f(] dx—zzja [9(x)] dx
c 2
© [, [f()-9(0)] dx

a 2 c 2
(D) ;zjo [9(x)] dxmja [f(x)] dx
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8. If f'(0)=-1and f(0)=1 then I|m f(h) 1

(A) -1 (B) 0 (€)1 (D) -f(x)

9. The length of a curve from x=a to x=b is given by Iab J1+sin?(2x) dx . Which of the following

could be the equation for this curve?

(A) y=sin(2x) (B) y =cos(2x) (© y:—%cos(2x) (D) y:%sin(ZX)
3] = 3 1+E 1+3—n
10. If n is a positive integer, then lim {e Nte N4---te “} can be expressed as
n—oo N
3 x 3 1x 4 X3 4 x
(A)joe dx (B)_[Oe dx (C)_[le dx (D)jle dx

11. ie'”*l.z” =

B) — ©€) — (D) —=

(A)
2e-1 e-2 e-2 2e
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1
12. | ———— dx=
I X2 +2X+2

(A) arctan(x+1) +C

(B) arccot(x+1)+C
1 2 -2
© _E(X +2x+2)“ +C

(D) In(x® +2x+2)+C

13. Which of the following gives the area of the region inside the polar curve r =1-siné and outside the
polar curve r =1, as shown in the figure above?

A) %jj” [(@-sin6)? 1] do

®) lj * [(a-sino)?-1] do
2Jo

(€) %j;’/z (1-sin6)? do

(D) jo” [(1—sin 0)> —1] do
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14. A population is modeled by a function P that satisfies the logistic differential equation

Z—T:%(Z—G—Zj,where the initial population P(0) =360 and t is the time in years.
What is lim P(t)?

t—>w
(A) 30 (B) 60 (C) 120 (D) 240

2

15.1f x=¢' and y = (t+1)?, then % att=11is
X

» 2 (B) = © 2 o) =
e e e e

16. A particle moves on the curve y = In(«&) so that the x-component has velocity x'(t) =e' +1

for t>0. Attime t =0, the particle is at the point (2,%In 2). Attime t =1, the particle is at
the point

(A) (e2,1)
(B) (e4,2)

© ((e+1),%ln(e +1)J

(D) | (e+ 2),%In(e+ 2))
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N[ | o

v(t) 2 0 -2 —% 0

17. The table above gives selected values of the velocity, v(t) , of a particle moving along the x- axis.
Attime t =0, the particle is at the point (1,0) . Which of the following could be the graph of the
position x(t), of the particle for 0 <t <57?

(A) X (B x®
3t 3t
2t 21
N N /\
— X : X
?_‘///1 2 3 2\‘/5 %?_ ﬁ\J/é 3 2\\,5
© X Oy x®
3+ 31
2t 21
1- 1+
S S
Ol 1 2N\8 4 5 _1__\1/2 3 4 5

18. An object moves along a curve in the xy-plane so that its position at any time t >0 is given
by (t?+1, te'/?). What is the speed of the object at time t = 2?

(A) 3.946 (B) 4.822 (C) 6.749 (D) 8.615
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19. What are all values of p for which J.lw % dx converges?
X

(A) p<1 (B) p>1 (€) p<0 (D) p<-1

In x
20. j X—de=

(A) xlnx—is+C
X

(B) xInx+£+C
X

© —xlnx—l+C
X

o) -"*_1.c
X X

21. Which of the following series converge?

0 _ 00 n n 00
. n-2 oy 24 . > ne™
n=1 n(n + 7) n=1 S n=1

(A) lonly (B) Il only (C) land Il only (D) I1and I only
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22. i(arcsin e¥?) =
dx

X/2 x/2 X/2 X/2

e

(A) —— (B) ~— (© (D) —F—
1-e¥? 1+e* 24/1—¢* 24/1—¢*

0 _1\n
23. What are all values of x for which the series z % converges?
n=1 n
3 5 3 5 3 5 3 5
A) ——<X<— B) -——<x<— C) ——<x<— D) ——<x<—
(A) 2 2 (B) 2 1 ©) 2 1 (D) 2 2

24.Let f be afunction that is differentiable on the open interval (-1,8).If f(-1)=7, f(5) =7,
and f(8) =-2. Which of the following must be true?
I. There exists a number k in the interval (-1,5), such that f (k) =3.
Il. f hasat least one zero.

I11. The graph of f has at least one horizontal tangent.

(A) None
(B) Il only
(C) land Il only

(D) I1and HI only
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25.1F Y _ y?sec? x and y(0) ~ L then y=
dx 2

L (8) —— € —> (D) —

(A) -
2C0s X 1+cos X 2-sin X 2—tanx

26. Three graphs labeled I, I1, and 111 are shown above. They are the graphs of f, f’,and f”.Which of
the following correctly identifies each of the three graphs?

foof fr
A 11
® 1 1 1
© nur 1ol
©) 1 1

27. I;O xe ™ dx =

1
A) -5 (B) 0 © 3 (D)
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X f(x) f'(x) f"(x)

28. The table above gives values of f, f',and f" atselected values of x. If f" iscontinuous everywhere,

then | 12 £(t) dt =

(A) 5 (B) 3 (C) -3 (D) -5

29. The position of a particle moving along a line is given by s(t) =t> —15t? +14 for t > 0. For what
values of t is the speed of the particle increasing?

(A) t>10 only

(B) 5<t<10 only

(C) 3<t<5and t>10
(D) 0<t<5 and t>10

30. A series expansion of M is
X

(A) i_l+x_2_...+ﬂ
31 51 71 (2n+1)!
o1 X C Y
21 41 6l (2n)!
P N
21 4l (n—1)!
(D) i_x_2+x_3_...+ﬂ

21 41 6! (2n)!
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CALCULUS BC
SECTION I, Part B
Time — 45 minutes
Number of questions — 15

A graphing calculator is required for some problems on this part of the exam.

Directions: Solve each of the following problems, using the available space for scratchwork. After examining
the choices given, decide which is the best answer choice and fill in the corresponding circle on the answer sheet.
No credit will be given for anything written in the test book. Do not spend too much time on any one problem.

In this test:

(1) The exact numerical value of the correct answer does not always appear among the choices given. If this
occurs, select the number that best approximates the exact numerical value from the choices given.

(2) Unless otherwise specified, the domain of a function f is assumed to be the set of all real numbers x for
which f(x) is a real number.

(3) The inverse of a trigonometric function f may be indicated using the inverse function notation f or

with the prefix “arc” (e.g., sin™* x = arcsin x ).

31. The rate of consumption of a certain commodity, in thousand units per month, is given
by C(x)=12e%!*2* 'where x represents the number of months. What is the average rate
of consumption of the commaodity, in thousand units, over the first 6 month period?

(A) 1.085 (B) 1.384 (C) 1.506 (D) 1.916

32. A particle moving in the xy-plane has velocity vector given by v(t) :< ! = 1_iz> for time
1-t -

t > 0. What is the magnitude of the displacement of the particle between time t=0 to t=0.8?

(A) 0.877 (B) 1.058 (C) 1.099 (D) 1.206
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33.Let f be the function given by f(x) = x®+3x—1. If the tangent line to the graph of f at x=1 is
used to find an approximate value of f , which of the following is the greatest value of x for which
the error resulting from this tangent line approximation is less than 0.3?

(A) 1.3 (B) 1.4 (C) 1.5 (D) 1.6

Ball at timet=0

40 ft

Shadow

P

34. A light shines from the top of a pole 40 feet high. A ball is dropped from the same height from a point
10 feet away from the light, as shown in the figure above. If the position of the ball at time t is given

by y(t) =40-16 t?, how fast is the shadow moving one second after the ball is released?

(A) —16 ft/sec (B) —32 ft /sec (C) —40 ft /sec (D) -50 ft /sec

2
35. The base of the solid is an elliptical region enclosed by the graph of XT+ y? =1. If cross sections of

the solid perpendicular to the y-axis are isosceles right triangles with the hypotenuse in the base, what
is the volume of the solid?

16 20 26
A ®) 5 (€)8 ®)
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3x?
36.1f f(x)=
) x*+5

and g is an antiderivative of f suchthat g(4) =6, then g(1) =

(A) 1.655 (B) 2.704 (C) 3.862 (D) 4.704

37. A curve is defined by the polar equation r =1+3sin&. When 6 = % , which of the following

statements is true of the polar curve?

(A) The curve is closest to the origin.
(B) The curve is getting farther from the origin.
(C) The curve is getting closer to the origin.

(D) The curve has a horizontal tangent.

] . ) X3 X5 X7 (_1)nX2n+1
38. The graph of the function represented by the Maclaurin series X ——+———+-+-+—"——+---
21 41 6! (2n)!

intersects the graph of Inx at x =

(A) 0.735 (B) 0.916 (C) 1.347 (D) 1.466
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39. The equation of a polar curve is given by r =3+sin56 . What is the angle @ that corresponds to
the point on the curve with x-coordinate 2?

(A) 0.516 (B) 0.628 (C) 0.705 (D) 0.844

40. What is the length of the curve y =xInx from x=1 to x=27?

(A) 1.548 (B) 1.713 (C) 1.952 (D) 2.043

41. Let h be the function given by h(x) = on 4(x—2) cos(g) dx . Which of the following statements

about h must be true?

I. h isincreasing on (0,2).
1. h'(3)>0.

1. h(3) <0.

(A) lonly (B) Il only (C) il only (D) Il and Il only
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42. The number of bacteria in a colony increases at a rate proportional to the number present. If the
colony starts with one bacterium and doubles every half-hour, how many bacteria will the colony
contain at the end of 12 hours?

(A) 4096 (B) 65,536 (C) 1.049x10° (D) 1.678x107

43. The velocity of a particle moving along the y-axis is given by v(t) =t> —5t? +2t+8 for 0<t<10.

Which of the following expressions gives the change in position of the particle during the time the
particle is moving downward?

(A) j: (t® —5t2 + 2t + 8) dit
(B) j: (t® —5t2 + 2t +8) dt
©) j: (3t2 —10t + 2) it

©) | 03'23 (3 —5t2 4 2t +8) dt
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44.Let y = f(x) be the solution to the differential equation % :1—)(—2y with the initial condition
X

f(0) =1. What is the approximation for f (1) if Euler’s method is used, starting at x =0 with
a step size of 0.5?

(A) 15 (B) 1.65 (C) 1.762 (D) 1.813

45. Let P(x) = x—2x? +2x° —gx“ be the fourth-degree Taylor polynomial for the function f

about x =0. What is the value of f*(0)?

(A) -32 (B) -16 (€) 32 (D) _16
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CALCULUS BC
SECTION II, Part A
Time — 30 minutes
Number of problems — 2

A graphing calculator is required for these problems.

0 \ "

1. Let R and S be the region in the first quadrant as shown in the figure. The region R is bounded
2
by the x-axis and the graph of y = 2—% and y= Ix . The region S is bounded by the y-axis

2
and the graph of y:2—XT and y=3%x.

(@) Find the area of R .
(b) Find the area of S .

(c) The region R is the base of a solid. For this solid, each cross section perpendicular to the
x-axis is a square. Find the volume of this solid.
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2. A particle moves along the x-axis with its velocity given by v(t) =tIn(t?) for t>0.
At time t =0, the position of the particle is x(0) =-1.
(a) Find the acceleration of the particle at time t=0.5.

(b) Is the speed of the particle increasing or decreasing at time t =0.5?
Give a reason for your answer.

(c) Find the time, t >0, at which the particle is farthest to the left. What is the distance
between the particle and the origin when it is farthest to the left?

(d) Find the position of the particle at time t =0.5. Is the particle moving toward the origin
or away from the origin at time t = 0.5 ? Justify your answer.
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CALCULUS BC
SECTION I, Part B
Time — 60 minutes
Number of problems — 4

No calculator is allowed for these problems.

4

r= -
1+sin@

3. The figure above shows the graph of the polar curve r = . Let R be the shaded region

1+sin@
bounded by the curve and the x-axis.

(a) Find g—; at 9= % . What does the value of d—; at 0 :% say about the curve?

(b) Set up, but do not evaluate, an integral expression that represents the area of the polar region R,

using the equation r =

1+sin@ "’

(c) Show that r = 4
1+

can be written as the equation y = —%xz +2.

(d) Use the equation y = —%xz + 2 to find the area of the region R .
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t
(hours)

&

2

2

P(t)
(gallons / hour)

700

760

1040 | .

4. The rate of fuel consumption in a factory, in gallons per hour, recorded during a 24-hour period
is given by a twice differentiable function P of time t. The table of selected values of P(t),

for the time interval 0 <t <24, is shown above.

(a) Use the data from the table to find an approximation for P’(7.5) . Indicate the units of measure.

(b) The rate of fuel consumption is increasing the fastest at time t = 7.5 minutes. What is the value

of P"(7.5)?

(c) Approximate the average value of the rate of fuel consumption on the interval 12 <t <24 using

a left Riemann sum with the four subintervals indicated by the data in the table above.

(d) For 12 <t <24 hours, P(t) is strictly a decreasing function of time t. Is the data in the table
consistent with the assertion that P"(t) <0 for every x in the interval 12 <t <24?

Explain your answer.
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5. Consider the differential equation ? =—X—-Y.
X

(a) On the axis provided, sketch a slope field for the given differential equation at the eight
points indicated, and sketch the solution curve that passes through the point (0,-1) .

y
'. '. ' -X
-1 o) 1 2
[} -1 ° [}
[ -2 [ ]

(b) Let f be the function that satisfies the given differential equation with the initial condition
f(0) =—1. Use Euler’s method, starting at x =0 with two steps of equal size, to approximate
f (-0.4) . Show the work that leads to your answer.

(c) The solution curve that passes through the point (0,—1) has a local maximumat x=1In2.
What is the y- coordinate of this local maximum?

2
(d) Find % in terms of x and y . Determine whether the approximation found in part (b) is
X

less than or greater than f (-0.4) . Explain your reasoning.

3 5 7 n,2n+l
. . 1. _ X X X -1)"x
6. The Maclaurin series for tan™* x is tan 1x:x——+———+---+L
3 5 7 2n+1
tan~t x

The continuous function f is defined by f(x) = for x=0 and f(0)=1.

(a) Write the first three nonzero terms and the general term for the Maclaurin series of f’(x).

(b) Use the result from part (a) to find the sum of the infinite series
_ELJ’_E 1 +E. 1 +...+(_l)n(2n) 1 +...
33 53/3 733 2n+1 33

(c) Let g be the function given by g(x) = j: f (t) dt . Find the first four nonzero terms and

the general term for the Maclaurin series representing g(x).

1 1 . . 1
d) Show that 1-—+— approximates g(1) with an error less than —.
(d) 2 tgz P g 0
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CALCULUS BC
SECTION I, Part A
Time — 60 minutes
Number of questions — 30

No calculator is allowed for problems on this part of the exam.

Directions: Solve each of the following problems, using the available space for scratchwork. After examining
the choices given, decide which is the best answer choice and fill in the corresponding circle on the answer sheet.
No credit will be given for anything written in the test book. Do not spend too much time on any one problem.

In this test:

(1) Unless otherwise specified, the domain of a function f is assumed to be the set of all real numbers x for
which f(x) is a real number.

(2) The inverse of a trigonometric function f may be indicated using the inverse function notation f* or

with the prefix “arc” (e.g., sin"* x = arcsin x).

(A) -1 (B) 0 ©)1 (D) nonexistent

2. If f(x)=e™ and g(x)= f(f(x)),then g'(0)=

@ 2 (8) -* © 1 (D) =
e e e e
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3.

If 3sinxcosy =1, then y_
dx

(A) —cotxcoty

(B) cotxcoty

(C) tanxtany

(D) —tanxtany

y="F(x)

—— T

Ob————

o -——

o

The graph of f', the derivative of the function f , is shown in the figure above. For what values

of x does the graph of f concave up ?

(A) b<x<d
(B) a<x<0 or x>d
(C) b<x<corx>e

(D) a<x<borc<x<e

If h(x)=arctan x + arctan(l) , then h'(x) =
X

2 (B) 2X

1+x2 1+x°

(A)

© o

(D) 1
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47
6. Let f(x)=‘|‘iX * ¢! dt. At what value of x is f(x) aminimum?

1 1 1
(A) 0 (B) > ©) B/ (D) 7
tan(® +h) -1
7. Whatis lim—24 9
h—0 h
») — (B8) = (©) 2 (D) 2
V2 2

x> for x<O0,

_ then [ 77 £ (x) dx =
sin2x for x>0, -1

8. Given f(x)= {

1 3 1 3
A 7 ®) 3 © 3 ©) 7

9. Which of the following integrals gives the length of the graph of y=1+ 4x¥? between x=0 to x=3?

@ [ ;’ J1536x dx
®) | 03 J1+36x% dx
©) jog 1+36x% dx

©) [ 03 J1+48x dx
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10. If the function f givenby f(x)= JX has an average value of 2 on the closed interval [0, k] , then k =

(A) 3 (B)4 (C) 6 (D)9
/ 2 / 2
11. If the substitution x =3sec@ is made for j X 3 9 dx , where 0£9<%,then j X 3 9 dx =
X X
(A) lj sin%0 dé
3
(B) —ljl cos?0 do
3
() lj tan®6 do
3
(D) —lj cot?0 d@
3
X -3 -1 2 4 5
f(x) 2 4 1 -3 3
9(x) -1 -2 0 7 4

12. The functions f and g are differentiable for all real numbers. The table above gives values

of f and g for selected values of x. If J‘j f(x)g'(x) dx=9, then J‘j f'(x)g(x) dx =

(A) -2 (B) 5 () 12 (D) 17
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13. A population is modeled by a function P that satisfies the logistic differential equation
c(ij_l: = 2P(1—%), where the initial population P(0) =110 and t is the time in years.

For what values of P is the population growing the fastest?

(A) 30 (B) 45 (C) 55 (D) 90

eX

3y?

14.1f %z and y(0)=2,then y=
X

(A) Je*+7 (B) Ve*+3 (C) 2¢&* (D) ¥3e* +5

0 2
15. Which of the following series can be used to determine the series Z n"+2n converges,
n=1 \/9+n7
using limit comparison test?
& 01 o 1 o 1 =01
(A) Z 12 (B) Z 312 (© Z 5/2 (D) Z 5
n=1 N n=1 N n=1 N n=1 N

16. _[ cosx In(sinx) dx =

(A) —cosx In(sinx)—cosx+C
(B) —cosx In(sinx)+sinx+C
(C) sinx In(sinx)—sinx+C

(D) sinx In(sinx)+sinx+C
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[ " tanx) dx
17. lim &*+— -
h—0 h

(A) -1 (B) 0 ©) 1 (D) %

18. For what value(s) of t does the curve defined by the parametric equations x =t*> -3t +2 and y =t* —7t
have a vertical tangent?

(A) Oand 2 only (B) 0and1only (C) 1and 2 only (D) 2 only

y=1()

—

19. The graph of f', the derivative of f, isshown in the figure above. Which of the following statements is
not true about f ?

(A) f hastwo relative maxima for 0<x<8.
(B) f isdecreasing for x>7.
(C) f isincreasing for 2<x<4.

(D) f concavesup for 0<x<2.
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20. Which of the following series converge?

. 1+ L +1+ ! 4o
22 3J3 a4V
n 23,45
56 7 8

& n!
I1.
nz:i 1.3-5- - -(2n+1)

(A) lonly (B) Il only

(C) il only (D) Iand Il only

21. A particle moves along the x-axis so that at any time t > 0 its velocity is given
by v(t) =" +sin(e') . Which of the following statements must be true?

I. The particle is moving to the right at time t =1.

I1. The particle’s acceleration is negative at time t =1.

I11. The particle’s speed is decreasing at time t =1.

(A) lonly (B) land Il only

(C) Il and Il only (D) I, 1, and I

22. Which of the following gives the area of the region inside the polar curve r = 2sin @ and outside

the polar curve r =sin@ ?
(A) Ej% sin%0 dé
240
(B) zjf sin%0 do
(€) 3j0% sin do

(D) 4j05 sin%0 d6
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23. The fourth-degree Taylor polynomial of xe™ about x =0 is

3 X4

(A) 1+ x—x2+ X
2 6

3 X4

B) 1-x+x* -2 X
2 6

3 X4

X
C) —x+x> -+
© > "%

3 4

X x
D) x—x* +———
(D) > 6

24.If I »Inx dx =1, then which of the following must be true?

12
Z Inn
l. > —- converges.
n=1 n
E Inn .
1. Y —- diverges.
n=1 n
= Inn
. > —-=1
N
(A) lonly (B) Il only (C) Ml only

(D) Iand Il only

25.1f f is continuous on [0,3] and .[03 f(x) dx=5, then .[03 f(3—-x) dx=

(A) -5 (B) 5 (€ -2

(D) 2
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26. The length of the path described by the parametric equations x = 1t_t y=In(1+t), for 0<t <1,
+

is given by

(A )j \/ +[In@+1)]" d

1
® )I @+1)? t) T
© . :

(1+t) (1+t)2

1
(® )'[ (1+t) (1+t)

y
— et
V=1
VA= e T
IR A I N R R A
VAN N—r2) T
VANNSN=Y T
BIPIP/r—%\V 40\ 8
LTt /=N
LTl 7=\
BREREA RN
EEEEEEREEEEY
BRI

27. Shown above is a slope field for which of the following differential equations?

dy _ Y x— Yy Y _
A) G =Yy B =x(x=y)  (C) =Xy ®) 5
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n

28. What are all values of x for which the series z (-n" )2(3n converges?
n=1 n
(A) 3<x<3 (B) -3<x<3 (C) -3<x<3 (D) -3<x<3

29.Let f be the function defined by f(x)=x*—-2x+5.If g(x)= f *(x) and g(4) =1, what is
the value of g'(4) ?

1 1 3
A 7 ® 3 €)1 ©) 5

4 8 12 _ 1\n-1,,4(n-1)
30. A function f has a Maclaurin series given by 1 XX L G

et +---. Which of
3t 51 71 @n-1!

the following is an expression for f(x)?

(A) xsinx
(B) x%cosx

sin(x?)
X2

(©)

(D) x%*-x3



Practice Test 2 399

CALCULUS BC
SECTION I, Part B
Time — 45 minutes
Number of questions — 15

A graphing calculator is required for some problems on this part of the exam.

Directions: Solve each of the following problems, using the available space for scratchwork. After examining
the choices given, decide which is the best answer choice and fill in the corresponding circle on the answer sheet.
No credit will be given for anything written in the test book. Do not spend too much time on any one problem.

In this test:

(1) The exact numerical value of the correct answer does not always appear among the choices given. If this
occurs, select the number that best approximates the exact numerical value from the choices given.

(2) Unless otherwise specified, the domain of a function f is assumed to be the set of all real numbers x for
which f(x) is a real number.

(3) The inverse of a trigonometric function f may be indicated using the inverse function notation f* or

with the prefix “arc” (e.g., sin™* x = arcsin x ).

31. If three equal subintervals on [1,4] are used, what is the trapezoidal approximation of If In(x?) dx ?

(A) 3.306 (B) 4.265 (C) 4.969 (D) 5.339

32. In some chemical reaction, the rate at which the amount of substance changes with time is proportional
to the amount present. If 100 liters of chemical substance reduces to 70 liters during the first 10 hours
of the reaction, how many liters of chemical will remain after another 12 hours?

(A) 37.595 (B) 40.406 (C) 45.626 (D) 50.388
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33. Two particles start at the origin and move along the x-axis. For 0 <t <12, their respective position
functions are given by x, = —%cos(gt) and x, = In(3t) . For how many values of t do the particles

have the same velocity?

(A) 1 (B) 3 ) 5 (D) 6

34. A cup noodle heated to a temperature of 220°F is placed ina 72°F room at time t =0 minutes.

The temperature of the cup noodle is changing at a rate of —80e " degrees Fahrenheit per minut38
To the nearest degree, what is the temperature of the cup noodle at t =3 minutes?

(A) 92°F (B) 98°F (C) 109°F (D) 124°F

35. The x-coordinate of the point on the curve y =e* nearestto (1,1) is

(A) 0.365 (B) 0.438 (C) 0.506 (D) 0.584

IS y=—Xx2+2X+2

X
=1+ cos(—
y (2)

36. The figure above shows the shaded region enclosed by the graphs of y = —x? +2x+2 and

y=1+ cos(g) . What is the volume of the solid when the shaded region is revolved about the x-axis?

(A) 16.082 (B) 19.765 (C) 24.445 (D) 28.216
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37. The rate of change of the altitude of a hot air balloon is given by h(t) = 4sin(ex/3) +1for 0<t<6.

Which of the following expressions gives the change in altitude of the balloon during the time the
altitude is decreasing?

3.694

SN e

@A |

®) | ;f: h(t) dt

© | ;i_f’ h(t) dt

D) J.5.390 h(t) dt

3.666

t(sec) o1 2|3 1| 4]
alt) (ft/sec®)| 7 | 4 | 5|1 3| 6| 8

38.The data for the acceleration a(t) of a car from 0 to 6 seconds is given in the table above. If the

velocity at t =0 is —7 feet per second, the approximate value of the velocity at t =6, computed
using a midpoint Riemann sum with three subintervals of equal length, is

(A) 23 ft/sec (B) 27 ft/sec (C) 32 ft /sec (D) 37 ft /sec

39. Which of the following series diverge?

& 1+n & 1/n < (_Z)nn
. .Y (-1)"3 . )
n=1 \3/l+ nG El El 3" !

(A) lonly (B) Il only (C) il only (D) Iand Il only
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40. Which of the following is the approximation for the value of cosl obtained by using the
sixth-degree Taylor polynomial about x =0 for cosx ?

w1 l.ll
3 57
(B) 1+£+i+i
2 24 720
R
2 24 720
o1l L L
6 120 720

41.Let f be the function defined by f(x) =e* —x. What is the value of k for which the instantaneous
rate of change of f at x =Kk is the same as the average value of f over the interval —2<x<3?

(A) 1.086 (B) 1.502 (C) 2.071 (D) 3.286

f'(x) | -1.8 | -16 | -1.5 | -1.2 | 08 | 12 | 15

42. The table above gives selected values for the derivative of a function f onthe interval 1< x<1.6.

If f(1)=-1 and Euler’s method with a step size of 0.3 is used to approximate f (1.6), what is the
resulting approximation?

(A) 2.4 (B) -1.9 (C) —.82 (D) 0.91
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43.1f f(x)= i(sinz x)", then f(2)=

n=1

(A) 0.508 B) 1 (C) 2.635 (D) 4.774

44. The position of a particle moving in a xy-plane is given by the parametric equations x(t) =t —3t?

and y(t) =t—Int?. For what values of t is the particle at rest?

(A) -1 only (B) 0 only (C) 2 only (D) -1 and 2 only

45. Let f be the function given by f(x)=4sin(§) for all x. The function g satisfies
g(x) =k f"(ax) forall x. If the Taylor series for g about x =0 is given by
X3 XS X7 (_1)nX2n+l

g(X)=X-—+———+---+~———+..., What is the value of k ?
31 51 71 (2n+1)!

1
(A) ~2 (B) - ©€) -1 (D) 3



404 Calculus BC

CALCULUS BC
SECTION II, Part A
Time — 30 minutes
Number of problems — 2

A graphing calculator is required for these problems.

1. Let R be the shaded region bounded by the graph of y=2—-Inx and the line y=4-x,
as shown above.

(a) Find the area of R .

(b) Find the volume of the solid generated when R is rotated about the horizontal line y =-3

(c) Write, but do not evaluate, an integral expression that can be used to find the volume of the
solid generated when R is rotated about the line x =-1.
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2. An object moving along a curve in the xy-plane is at position (x(t), y(t)) attime t, where

% =t?+2 and % =eS" for 0<t<2x.Attime t =1, the object is at position (1,—2) .

(a) Write an equation for the line tangent to the curve at position (1,-2) .
(b) Find the y-coordinate of the position of the object at time t =~ .
(c) Find the speed of the object at time t =7 .

(d) Find the total distance traveled by the object over the time interval 0 <t <27z .
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CALCULUS BC
SECTION I, Part B
Time — 60 minutes
Number of problems — 4

No calculator is allowed for these problems.

0 AQh,0)  R(p,0)
X2 p2
3. Inthe figure above, line ¢ is tangent to the graph of y 7 at point P, with coordinates (p,T) ,

where p>0.Point R has coordinates (p,0) and line ¢ crosses the x-axis at point Q , with
coordinates (h,0).

(@) Forall p>0,find h intermsof p.

(b) Suppose p is increasing at a constant rate of 4 units per second. When p =2 what is the rate of
change of angle & with respect to time?

(c) Suppose p isincreasing at a constant rate of 4 units per second. When p =2, what is the rate of
change of the area of APQR with respect to time?
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3xy F(x)

4. Consider the differential equation f’(x):T.

(a) Let y = f(x) be the particular solution to the differential equation with the initial condition y(1) =4.
Write an equation for the line tangent to the graph of f at (1,4), and use it to approximate f(1.1).

(b) Find f"(1) with the initial condition y(1)=4.

dy 3xy

(c) Find the particular solution y = f(x) to the differential equation ™ = Twith the initial
X

condition y(1)=4.
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5. A population is modeled by a function P that satisfies the logistic differential equation aw :E(l P ] .

d 20 32

(@) If P(0)=10, whatis limP(t)?
t—owo
If P(0) =40, whatis limP(t)?
t—oo
(b) If P(0) =40, for what value of P is the population growing the fastest?

(c) Find the slope of the graph of P at the point of inflection.

(d) Let f be a function with f(O):% such that all points (x,y) on the graph of f satisfy the

differential equation d—y:l(l—Lj. Find y= f(x).
dx 2 32
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6. The function f hasa Taylor series about x =3 that convergesto f(x) for all x inthe interval of

|
convergence. The n th derivative of f at x =3 isgivenby f™(3) :% for n>1,and f(3)=1.

(a) Write the first four terms and the general term of the Taylor series for f about x =3.

(b) Find the radius of convergence of the Taylor series for f about x = 3. Show the work that leads
to your answer.

(c) Let h be a function satisfying h(3) =2 and h'(x) = f (x) for all x . Write the first four terms and
the general term of the Taylor series for h about x =3.

(d) Does the Taylor series for h, as defined in part (c), converge at x =1? Justify your answer.
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Chapter 1  Limits and Continuity

1.1 Rate of Change
1.C 2.B 3.(@) -1.3ft/sec (b) 0.9 ft/sec

1.2 The Limit of a Function and One Sided Limits

1.C 2.D 3.D 4.B 5.1 6.2 7.4
11.10

1.3 Calculating Limits Using the Limit Laws

1.D 2.C 3.B 4. A 5.D 6.D 7.A

10. 5/2 11.2

1.4 Properties of Continuity and Intermediate Value Theorem

1.D 2.C 3.B 4.D 5. a=7r,b:3—” 6.

4

N |-

1.5 Limits and Asymptotes

1.B 2.C 3.C 4. A 5.D 6.C 7.(a x=2

8.(a x=-2 (b) y=0

10. —

8.DNE 9.3

8.4 9. !
2X+1

7.6

(b) y=0

Chapter 2 Differentiation

2.1 Definition of Derivatives and the Power Rule
1.A 2.B 3.D 4.D 5.C 6.C 7.B

8. m=-2/3, k=-8/3

9. f'x)=1i
o=l ;

3 2 3 2
i MO =) B HOC ) ey
h—0 h h—0 h h—0
10.@1 (02 ()No (d)a=1/8, b=4

2.2 The Product and Quotient Rules and Higher Derivatives
1A 2.C 3.B 4.B 5C 6.D 7.D

2.3 The Chain Rule and the Composite Functions
7 13

1.D 2.D 3.C 4. A 5.1 6.13 T

f(x+h)— f(x) :”m[f(X)HBh—XhB—f(h)]—f(X) »
h

h—0

8. -4

8.20

10.@) 1(9(9)=2¢, < [1(@(]=[2X] = (e 9()=2 = g~

X

() F'0)=1+[F(0]* = f'(g(x)=1+[F(g(x)]* =1+[2x] > =1+4x

2 2

Therefore, g'(x) = = .
9= 000 " 140

h

9.

3 3 _
- Xh—xh®— £ (h)

1/8

5

16

2

f'(9(x)
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2.4 Derivatives of Trigonometric Functions

1.B 2.C 3.D 4. A 5.C 6.B 7.B 8. —4/2+3 9.a=-1, b=z

2.5 Derivatives of Exponential and Logarithmic Functions
1.C 2.C 3.A 4.B 5.D 6.D 7.C 8.B 9.10 10. x

2.6 Tangent Lines and Normal Lines

1.C 2.C 3.B 4.C 5.D 6. A 7.(a) 30 (b) y:%x+§ )75

2.7 Implicit Differentiation
dy 3x*-y

1A 2.C 3.B 4.D 5D 6.B 7.C 8.(a)
dx x-2y

(b) At (1,-1) y+1:%(x—1),at 2,2) y—2:—%(x—1) (c) x=0.822 and x=-0.709

9. (a)g_y:y—_ZX (b) At (2,-1) y+1=2(x-2),at (2.3) y-3=-1(x-2) (0) g+ 22
X 2y—X 4 4 3

2.8 Derivatives of an Inverse Function

1.C 2.B 3.A 4D 5.D  6.(a) y—Z:%(x+l) () h(1)=3, h'()=—4 (c) -%

2.9 Derivatives of Inverse Trigonometric Functions

1
LD 2C 3A 4B 5 () xwx@ X, Inx

X 1+x2

) (b) y—1=%(x—1)

2.10 Approximating a Derivative

1. C 2.(@) 19.2°F/mon  (b) 23.5°F/mon (c) 26.472°F / mon

Chapter 3 Applications of Differentiation
3.1 Related Rates

95

1.B 2.D 3.C 4.C 5. A 6.D 7.@)1 (b) = wnitssec (c) —%

8. (a) N ft/min  (b) r=4/50y—-y*> (c) . ft /min
487 11527z

9. (a) g ft /sec (b) -7 ft?/sec (c) —% rad /sec  10. (a) %:—4;2/3)( (b) (O,—%), (0,%) (©) g

3.2 Position, Velocity, and Acceleration

1.C 2.B 3.D 4.C 5 A 6.B 7.D 8. (a) v(t) =4(t-2)?(t-5)
a(t)=12(t-2)(t-4) () t=4 () t>5 (d)2<t<4 (e) 2<t<dort>5



Answer Key 413

3.3 Roll's Theorem and the Mean Value Theorem

1.D 2.C 3.C 4.B 5.B 6. (a) Yes. Since v(50) =-1.2<-1<-0.4=v(45),
the Intermediate Value Theorem guaranteesa t in (45,50) so that v(t) =-1
(b) Since v(5) =v(20), the MVT guaranteesa t in (5,20) so that a(t) =v'(t) =0. The smallest instances
that the acceleration of the car could equal zero is 1.

3.4 The First Derivative Test and the Extreme Values of Functions

1.D 2. A 3.B 4.D 5B 6. A 7.B 8.C 9.C 10.D

11. A 12.D 13.(a) f attains arelative minimum at x =1, because f' changes from negative to
positive at x=1. (b) f attains a relative maximumat x =-2, because f' changes from positive to
negative x =-2. (c) The absolute maximum occursat x=7.

3.5 The Second Derivative Test

1.B 2.D 3.C 4.D 5 A 6.D 7.A 8.C 9.B 10.C

11.B 12.(@) x=-1,1, and4 (b) x=6 (c) y—2=-2(x+2)

13.(a) y+1=2(x-1) (b) We don't have sufficient information as to whether f"” changes signat x=1.
(c) y=3 (d) g hasalocal minimumat x=1.

3.6 Curvesof f, f’, f" and Curve Sketching

1. C 2. C 3. B 4. A 5 D 6. C 7. C 8.(a) x=0, 2, and 5
(b) 0<x<2 and 5<x<8 (c) O<x<land 3<x<7 (d)x=2 (e) x=1 3 and7

9. (a) f hasarelative minimumat x=1. (b) y
(c) h has arelative maximumat x=0. Ir

h has a relative minimum at x=2.

(d) The graph of h hasaPOlat x=1.

3.7 Optimization Problems
1.D 2.A 3.C 4.B
5. (a) A:%k\/64—k2 (b) k=442 6.(a) y=—2zx+z2+3 (b) z=1

3.8 Tangent Line Approximation and Differentials

1.C 2.D 3.C 4.A 5B 6.C 7.D 8.(a)y=—%x+1 (b) 0.95

:{
X

(c) f7* :sin‘{ln

9. (@ f'(0) zw = 2 (b) y :gx—2 (c) y=2x-5 (d) If the graph is CU, the tangent
1-(-2) 3 5 5
. S 9 27 18
line approximation is smaller than the real value. Therefore, f(5)> E(S) =TT

(e) The secant line connecting (1,—3) and (6,7) lies above the graph for 1< x<6.
Therefore, f(5)<2(5)-5=5.
2f"(2)-1'(2)

5 7 1

10. (@) y=—x+— b) h"(3)==
@y-greg @7 2
(c) If the curve is CD, tangent line lies above the curve and the secant line lies below the curve.

2: % Equation of secant line is y=x. Thus, h(2)>2.

] h"(3) is negative, since f"(2)<0 and f'(2)>0.

Therefore, h(2) < %(2) +
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Chapter 4 Integration

4.1 Antiderivatives and Indefinite Integrals
1.B 2.D 3.C 4.C 5. -7

4.2 Riemann Sums
1.C 2.D 3.C 4. A 5 A 6. B

4.3 Definite Integral and Area Under a Curve
1A 2.C 3.B 4.D 5.D 6. A 7.C 8.C 9.B 10.D

1 2 1

11.(a) A=— x—1 dx b) k==

@ A= [ (b) k=
(c) The tangent line is y :ix . Thus the tangent line passes through (0,0).

2k
11

12.@1 @27 (© —g (A 27+

4.4 Properties of Definite Integral
1.C 2.D 3.C 4.B 5.@10 (03 (c)-18 (d)-10 ()7
6. (@) 3n (b) 2n-1 (©) k:g

4.5 Trapezoidal Rule
LA 2.C 3.D 4.C 5.B 6. 0.527 7. 21

4.6 Fundamental Theorem of Calculus Part 1
1.C 2.C 3.B 4.C 5B 6.A 7.(a -1<x<3 (B2  (c) x=3
8. (@0 (b) x=2and6 (c) % (d) There are two values of c.

4.7 Fundamental Theorem of Calculus Part 2
1.B 2.C 3.A 4.C 5. @15 (b)12  (c)19 (d) 17

6. (a) f(—3):§, f(7)=%+2ﬂ' (b) y=x+1  (c) 1<x<7 (d) -1<x<4
7. (& g(0)=2, g'(0)=2, g"(0)=1 (b) 2<x<land 7<x<9 (c) 2<x<4 and 8<x<9
8. (& h(8=2, h'(6)=-2, h"(4)=-2 (b) h has a relative minimum at x=1.

h has a relative maximum at x =5. (c) y—-11=4(x-35)

4.8 Integration by Substitution
1.D 2.D 3.C 4. A 5.B 6.B 7.C 8.5

4.9 Integration of Exponential and Logarithmic Functions

1.B 2.C 3.D 4.B 5. A 6. A 7.D
8.(a) C=45000, k=-1.861 (b) 174,069
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Chapter 5 Applications of Integration

5.1 Area of a Region Between Two Curves

e 1 e 1
1.C 2.B 3.C 4.D 5.@) —+—-1 b) ———-1
Q @ 2 2e (b) 2 2e

5.2 Volumes by Disk and Washers
1.C 2.D 3.B 4.C 5.B 6. A 7.D 8. A

9. (@) y=—-x+1 (b)2.670 )V =;rjoz'313( [(2—(x3—2x2—x+cosx)}2—[2—(—x+1)]z)dx
10.() nd4+>  (b) 22257 (c) 8.348x 11. (a)V:n[B— 3 } (b) 1
e k®+1

5.3 Volumes of Solids with Known Cross Sections

1.B 2.D 3.A 4.C 5. A 6.C 7.D 8.(a)4

2
9. (a) Volume = | ;2 ;{#} dx (b) Volume ~19.386 m’

(0) 247  (c)3

(c) Yes. Since D(2) = D(8) =1.5, MVT guarantees that there is at least one x in(2,8) such that D'(x) =0.
10.(@) | :'S[f(x)—g(x)] ix  (b) | is[g(x)—f(x)] dx (c) 3.776 (d) 16.584

5.4 The Total Change Theorem (Application of FTC)
1.B 2.C 3.C 4.D 5 A 6.(2) 13.925  (b) 116.075

(c) f(t)= 50+8t—_[(§ %tz/S dt  (d)t=64  7.(a) P'(3)=—2.041. The rate at which granules

of plastic is changing is decreasing by 2.041 tons per hour per hour at time t =3 hours.

(b) t=4.550 (c) 11.532 tons

5.5 Distance Traveled by a Particle Along a Line
1.B 2.D 3.D 4.C 5. A 6.B 7.B 8. A

of the particle is decreasing at time t =2, since a(2)<0.
(c) Yes (d) 3.991 (e) 4.921 (f) 1.992

11.(a) -14 (b) 2/3<t<4 (c) -4 (d) -5 (e) —10 () 17.037
12.(@)0 (b) 1 (c) 2<t<6 (d) 0<t<3 (e)Ontheinterval 2<t<3, v (=s')<0

9.C
10. (a) The particle is moving to the left at time t =2. (b) a(2) =-8sin(3) +cos(3) . No. The velocity

and a (=s")<0.Since v and a have the same sign on 2 <t < 3, the speed of particle is increasing.
(f) a (=s") >0, ontheinterval 3<t <8 since on this interval the curve of s is concave upward.

5.6 Average Value of a Function

1.C 2D 3C 4B 5B 6A 7. -1  (b)O

8 @ (b) 78° F
(c) 7.298 <t <16.702

:jjﬁ\jj @ 57,32
Z ) .

50

Temperature (in°F)

Time in Hours

(c) -1
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5.7 Length of a Curve (Distance Traveled Along a Curve)

1.B 2.C 3.A 4.D 5.C 6.D
7. (a) P(x,y) = (cot?4,cotH) (b) 3.168 (c) 1.442 units /min

Chapter 6 Techniques of Integration

6.1 Basic Integration Rules

1.B 2.D 3.C 4. A 5.D 6. n[ln(ﬁﬂ)—ﬁ/z]

6.2 Trigonometric Integrals

1.B 2.C 3.B 4.D 5. A 6.

Wl

6.3 Trigonometric Substitutions
1.D 2.B 3.C 4.D 5.C 6.(a) 15.904  (b) 27jglzcos49d9

6.4 L'Hospital's Rule

1.B 2.D 3.A 4.D 5C 6.C 7.B 8.3 9. —%
6.5 Integration by Partial Fractions
LC 2C 3A 4D 5@ | —dx (b) In|-S%7

X(x-1) 0s6 -1

6.6 Integration by Parts
1.C 2.B 3.B 4.C 5.C 6.D 7.A 8.D 9. A 10. %—1

6.7 Improper Integrals
1.D 2.B 3.C 4. A 5.B 6.C

7@ [t dx=l!Lnljf \/ﬁdx:gm[\/x%l}::gm[\/bhl—ﬂﬂ}:w (b) 1

Chapter 7 Further Applications of Integration

7.1  Slope Field
1.B 2.C 3. A2 »

)
~
<
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. 5
y y
$o2f ' . 1 .
fo # 1 0 i‘ g
o i B

7.2 Separable Differential Equations

1.D 2.B 3.C 4. A 5C
y 23 3

6. (a b) y=——x+—, f(1.2) ~1.963
(a) ‘4 (b) y 3 3 1.2)
, (€) y=+/x?+2x
of [ 2 (d) f(1.2)=1.959
S
2 —
7. (a) y:%x+2 (b) f”(O)=2e - J (c) y=|n‘x2+3x+e2‘.
e e
d?y 1 2(1-2x
8. (@) y (b) —Z={—2y2 +<2y—4xy)M}
’ . dxc 3 3
2
» - (c) % , =0an d—z :—3—32<0
. Xl 1L
-1 0 1 Therefore, f has a relative maximumat x=1/2.
3
d =
@y X2 —x+1
d2y H "
9. (8 y (b) d_2:_2X+ y—1 If the curve is CD, y"<0.
X
¢ s -2X+y-1<0 = y<2x+1
Therefore, solution curves will be concave down on
¢ . the half-plane below the line y =2x+1.
2
« (©) dy =0 and d_g/ <0. Therefore, f has
1ol 1 Xl(0,-1) L
a relative maximum at (0,-1).
(d m=2,b=1

7.3 Exponential Growth and Decay
1.D 2.B 3.C 4.A 5. (a) V =16e %% (1) 0.03464 oz/sec  (c) t = 240 seconds

7.4 Logistic Equations
1.D 2.C 3.B 4. A 5.D

t2

6.() y=e 4 (B0 (c) limg(t)=5 = limg'(t)=0  (d) POl at y=5/2, Slope=5/4
t—oowo t—w
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7.5 Euler's Method

2
1.C 2B 3B 4A 5D 6@ z—y—1—1x+y

X2 2
dy d?y o
(b) — =0 and — >0 Therefore, f has a relative minimumat x=0. (c) k=5
dx|,-1y dx (o,_%)
7. @) ’ (b) 1.65
- 2 * (C) -2

(d) g hasa local minimumat (1,-2).

Chapter 8 Parametric Equations, Vectors, and Polar Coordinates

8.1 Slopes and Tangents for the Parametric Curves

1.D 2.B 3.C 4.B 5.D 6.C 7.A

8. (a) Y (b) y(t) attains its minimum value at t =3.426 .
X(3.426) =3.706 , y(3.426) = —3.288

) © y+7==2(x-n)

9. (a) x(t)=vt2+9-2 (b) 3—{{%«2+9—2)2—8(Vt2+9‘2)}[ﬁ}
N

() x(4)=3 and y(4)=-5 (d) y+5=3(x-3)

8.2 Arc Length in Parametric Form

1.B 2.C 3.D 4.A
5. (@) y-2=0321(x-3)  (b) 3166  (c) (x(3),y(3)=(3927,1.877)  (d)0.935

8.3 Vector Valued Functions
1.C 2.D 3.B 4. A 5D 6.C

7. (a) t=0.950 (b) a(2):[—ezsin(e2), ‘—fj (c) 3.544  (d) 2.954

e
8. (a) x(5)=13.245  (b) y—4=5.091(x—1) (c) 3.057  (d) (-5.6,—3.544)
9. (@ y (b) x®=1 y@)=2

(c) v(t) = (1— = cos(xt), zsin(xt))

(d) jon(l—;zcos(;zt))z + (sin(zt)? dt =6.443
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10. (a) t=$ (b) 10.9 () t=1920 (d)12.384  (¢) 10.354  (f) 0=1.475
11.(a) (6.946,1.5) (b) -0.105  (c) 4.793 (d) 10.072

8.4 Polar Coordinates and Slopes of Curves

1.C 2.A 3.B 4.D 5. (a) O _ (1-2sin(26))

dé 2./60+cos(26)

(c) r is decreasing on this interval. The curve is getting closer to the origin. (d) 6=5x/12

(b) 6=0.910

8.5 Areas in Polar Coordinates
1.C 2.B 3.A 4.D 5B 6.D 7. @ P(2,%), 9:%
(b) j [(2+cos20)? 2] do ()—j T[22 - (2+cos20)2 ] do (@) Eﬂ_l €) 3

8. (a) —_[ (2+2cos6)* do (b)—:—25|n9 4cosdsing , dy =2c0s0+2c0s268 (c) y=x+2
2 72 do do

Chapter 9 Infinite Sequences and Series

9.1 Sequences and Series
1.C 2.D 3. D 4.B 5. A 6.D 7.C 8.2

9.2 The Integral Test and p-Series
1.C 2.D 3.B 4.D 5 A 6. () converges  (b) diverges

9.3 The Comparison Tests
1.D 2.C 3.D 4.B 5. (a) converges (b) diverges

9.4 Alternating Series Tests
1.D 2.C 3.C 4.B 5.D 6. A 7.B 8.C

‘f(l) (1——I —)‘ —0.0375<i

9.5 The Ratio and Root Tests
1.C 2.D 3. (a) diverges  (b) converges  (c) diverges

9.6 Convergence of Power Series

1.B 2.A 3.D 4. C 5.C 6. R=1, Interval of convergence is (-1,1).

9.7 Representations of Functions as Power Series

1.B 2.C 3.D 4.@) g(X) =1-X+ X" =X+ 4 (=1)" X" +---

3 5 7 gy

b) g(x*)=1-x®+x* =x®+--+(-1)"x*" + o x- X X X G
(b) g(x*) = (=D"x (© 37 T

(d) h(1) =tan"*(1)
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5.(a) f'(0)=0, f"(0)=-3, f hasa local maximum at x =0 because f'(0)=0 and f"(0)<O0.
1 XZ X4 X6 2n

b) |f( 1—— — c)l-—+——-— 1
()‘() ( |+ )‘ 6 720 100 © 2!+4! 6' G )(2)'

9.8 Taylor Polynomial and Lagrange Error Bound

1.D 2.C 3.A 4.B 5.C 6.B
7. @) f(2)=3, f"(2)=-72  (b) Py(x) =—2+10(x—2)—36(x—2)* +12(x-2)3, f'(2.1)=-1.348

(c) 3(x—2)—(x—2) +g(x -2)¥-3(x-2)*  (d) No.

(-2)° © 32 0.0016 4 1

8. (a) P(x)=1+2x—2x*—=x — <=
19! 24 1875 100

(b)

4 4 2_2.3
d) h(x) =x+x“—=x
3 (d) h(x)=x+ 3

9.9 Taylor Series and Maclaurin Series
1.B 2.A 3.D 4.C 5.C 6.B 7.D 8. A 9.C 10. B

2 3 nyn 2 3 4 nyn
11. (a) f(x) 1- X+X__X_+ ..+ﬂ+... ()__ X__X_+X__...+(_l) X
21 3l n! 2! 3! 41 5l (n+1)!
1 2 3 i ~1+xe ¥ +e™*
! _1 - ... s ! - ! —1 :—1
© D=2 g(n i 90 = gD

Thus, z(n+1)l

12. (@) f”'(0)=—z, tP0)=-= ®(-11] © yO=0, y"(O):§>o

Since y'(0)=0 and y"(0) >0, y hasa relative minimumat x=0.

Calculus AB Practice Test 1

SECTION I, Part A

1. B 2.A 3.C 4.B 5.C 6.D 7.B 8. A 9.A 10. B
11.D 12.C 13.B 14.B 15. A 16. A 17.D 18.D 19.C 20.B
21.D 22.C 23.D 24.C 25.C 26.D 27. A 28.B 29. A 30.B
SECTION I, Part B

31.C 32.A 33.D 34.C 35.C 36.D 37.D 38.C 39.B 40. A
41.D 42.D 43.C 44. A 45.C

SECTION II, Part A

1. (a) Since n(10) =40 \/75|n(10—7[) 63> 0, the number of honeybees is increasing at t =10.

(b) The number of honeybees is increasing at a decreasing rate, because n(10) >0 and n'(10) < 0.
(c) 1440 (d) 1927

2. (a) Ontheinterval 0<x <1, f concaves up because f' isincreasing.
(b) f hasanabsolute maximumat x=~/7.  (c) y—3.586 =—-1.218(x—2)
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SECTION II, Part B
2 1

2 2
3@ (b)vznj: Ksin(%xhlj —(x3+1)2}dx (c)V:jOl S(Sin(%x)—x3] dx
4. (a) g(2)=1—21, g'2=3,9"(2)=-1 (b)) x=1, x=5 (c) -1<x<4 (d)g
5. (@) g'(0)=a+3b, g"(0)=-2b>  (b) h'(x)=e""*. f'(x)+e" cosx- f(x), y=2x-1
6. (a) 3<t<11 (b) Attime t =6, because v(6)—v(0):f(;5 a(t) dt=0.
(c) 88 ft/sec, attime t =11. (d) 16 ft /sec, at time t = 20.

Calculus AB Practice Test 2

SECTION I, Part A

1. B 2.C 3.C 4.D 5. A 6.B 7.C 8.C 9.A 10. B
11.C 12.C 13.B 14.B 15.D 16.C 17.D 18. A 19.C 20.D
21.D 22. A 23.C 24.B 25.D 26.D 27.D 28.B 29.C 30.C
SECTION I, Part B

31.C 32.D 33.C 34.B 35.D 36. A 37.A 38.C 39.D 40.B
41.D 42.C 43.B 44. A 45.C

SECTION II, Part A

1. (@ x=1,m=3 (b) 6.75 (c) 52.071x or 163.587
2. (a) 900 (b) 139  (c) P’(20) =-20.825. The number of people in the movie theater is decreasing
at the rate of 21 people / hour at time t = 20. (d) t=17.776

SECTION lII, Part B

3. (a _u ft / sec? (b) The distance that the car travels from t =40 to t =70. " |v(t)| dt =200 ft
30 40

(c) Yes. Since v(30) =15 and v(40) =6, IVT guarantees a t in (30,40) so that v(t)=10.
(d) Yes. Since v(60) =v(90) =-12, MVT guaranteesa t in (60,90) so that a(t) =v'(t)=0.
4. (a) %:iz—y (b) (24/3,0), y-0=-2(x-2v/3). (-24/3.0), y-0=-2(x+2/3). () x=142
X  X+2y
5. (@) h(0)=-3, h'(0)=5, h"(0)=0 (b) 4<x<8 (c) 2<x<0 and 6<x<8 (d) 15

6. (a) y (b) y=3x+%, f(-1.1) =12
S I 3
(C) y - X4 +1
P SHER N
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Calculus BC Practice Test 1

SECTION I, Part A

1. B 2.C 3.A 4.C 5.D 6.D 7.D 8.A 9.C 10.D
11.B 12. A 13. A 14.C 15.B 16.D 17.C 18.C 19. A 20.D
21.D 22.C 23.B 24.D 25.D 26.B 27.C 28. A 29.D 30.B
SECTION I, Part B

31.D 32.B 33.C 34.D 35. A 36.D 37.C 38.C 39.C 40.B
41.D 42.D 43. A 44.D 45. A

SECTION II, Part A
1. (a)2.299 (b) 1.472 (c) 2.139

2. (2)0.614 (b) v(0.5) =-0.693<0 and a(0.5) =0.614 > 0. The speed of the particle
is decreasing because at time t=0.5, v(t) and a(t) have opposite signs.

(c) At t =1, the particle is farthest to the left. The distance between the particle and the origin is 1.5.
(d) x(0.5)=-1.298 Attime t=0.5, the particle is to the left of the origin and moving to the left

since v(0.5) < 0. Therefore, the particle is moving away from the origin at time t=0.5.

SECTION II, Part B

3. () :—; = —% . The curve is getting closer to the origin when 4 :% because r is positive
0="
6
and 9° is negative at 9 == (b) A=1J‘ "2 d¢9=£j” (L_)2 do =32
déo 6 270 270 "1+4sin@ 3

(c) Make substitution. y=rsing andx®+y*>=r>.  (d) A= ) (—1x2+2) dx =32
-4 8 3

4. (a) P'(7.5) ~93.333 gallons / hr? (b) P"(75)=0 (c) 1050 gallons / hour (d) No.

5. (a) y (b) f(-0.4)~-1.48
(c) -In2

2
(d) (31_3/ =-1+Xx+Y is negative because x(=-0.4) and
X

y(~ —1.48) are both negative. Thus the graph concaves
down and the approximation is greater than f(-0.4).

3 5 _\n 2n-1
0. (a) —§+4i_6i+...+M+.., (b) 3\/5_1
38 5 7 2n+1 4 2
3 5 7 n-1,2n-1
x2 x> x (D" *x L1l 11
C) Xmos e m o et N PP S SN DO S
(c) $ g 72 (2n—-1)? ()‘g()( 2 52) <0
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Calculus BC Practice Test 2

SECTION I, Part A

1. A 2.C 3.B 4.C 5.C 6.B 7.D 8.D 9.A 10.D
11. A 12.B 13.B 14. A 15.B 16.C 17.D 18. A 19. A 20.D
21.D 22.C 23.D 24. A 25.B 26.C 27. A 28.D 29.B 30.C
SECTION I, Part B

31.C 32.C 33.D 34.C 35. A 36.C 37.D 38. A 39.D 40.C
41.B 42.B 43.D 44.C 45. A

SECTION II, Part A

1. (a) 1.949 (b) 63773  (©)V = ﬂjom [(4—y+1)2—(e2—y+1)2] dy
2. (@) y+2=1.339(x-1)  (b)2577  (c)3587  (d)25.105

SECTION II, Part B

_P a6 _ _
3. (a) h_2 (b) T 1 dt _3
4, (a) y=3x+1, f(1.)~43 (b) f”(l)=§ () y= (—x + )2.

5. (a) When P(0) =10, lim P(t) =32 and when P(0) =40, lim P(t) =32.
t—o0 t—oo0

x X2

b)P=16 ()4  (d)y= 1e2 128
6. (@) F(X)=1+(x— 3)+—(x 3)2 ts (x 3%+ +”2L(x 3)" 4.
) R=2  (¢) h(x)=2+(x-3)+= (x 3)? o L x-9+- o L (x-9m s

-3
(d) Since the geometric series only converges for |r| ‘ <1, the Taylor series does not converge

at x=1.
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228 * Exercises Chapter 7
7.2 Separable Differential Equations
Multiple Choice Questions
. . . L dy 3¢ .
1. The solution to the differential equation & = 2 where y(3)=4,is
y
3 3
J:-H (B) y=7—J§ © y=Ae-9  ©y=AF-11 B y=Ar+9
2
2.0F Lo XX L 0)=2, then y=
dx
(W) ¥+ 2secxr2
(B) V¥ +2tnx+4
(©) V¥ +sec? x+2
() V¥ +an® x4
(B) V2 + tanx+ dsecx
334 o Practice Test Calculus AB Test 2

20.Let f be the function given by f(x)=e**. Which of the following statements are true?
d a3
I Zjn F(x)dx=0
74 e ds=e-e
d px
1L ZJ“ @) de = e

(A) Tonly (B) Iand I only (C) Tand Il only (D) Mand M only (E) I,1I, and 11T

21 Using the substitution =%, [ sin(%) d s equivalent to

[T

(A) ijﬂ wsin(u) du
173 sinu

CHEG
1

©) Ejﬂ wsin(u) du

3 sinu
— du

) 2]

0 u
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